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Abstract 

Gradient boundedness up to the boundary for solutions to Dirichlet and Neumann prob- 
lems for elliptic systems with Uhlenbeck type structure is established. Nonlinearities of possi- 
bly non-polynomial type are allowed, and minimal regularity on the data and on the boundary 
of the domain is assumed. The case of arbitrary bounded convex domains is also included. 



1 Introduction 

We are concerned with second-order nonlinear elliptic systems of the form 
(1.1) -div(a(|Vu|)Vu) = f(x) inn, 

coupled with either the Dirichlet condition u = 0, or the Neumann condition ^ = on dQ. 
Here, $7 is a domain, namely an open bounded connected set in M'", n > 2, u : ^ M^, iV > 1, 
is a vector-valued unknown function, Vu : — t- M^" denotes its gradient, i : ft ^ is a 
datum, div stands for the M^-valued divergence operator, and v for the outward unit normal 

to dn. 

We prove the boundedness of the gradient, or, equivalently, the Lipschitz continuity, of the 
solutions to the relevant boundary- value problems in the whole of fl. Quite general nonlinearities 
of the differential operator, non-necessarily of power type, are allowed, and essentially weakest 
possible integrability conditions on f , and minimal regularity assumptions on dfl are imposed. In 
the case when Q is convex, no regularity on dfl is assumed at all. The boundary value problems 
to be considered are the Euler equation of variational problems for strictly convex integral 
functionals depending on the gradient only through its modulus, and hence the solutions to the 
former agree with the minimizers of the latter. In particular, our results on convex domains 
provide a version in the vectorial case {N > 1) of the so called semi-classical Hilbert-Haar 
theory of minimization of strictly convex scalar integral functionals of the modulus of gradient 
on convex domains in classes of Lipschitz functions (see e.g. jGi|. Chapter 1]). 
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Nonlinear elliptic systems involving differential operators as in (jl.ip . whose coefficient only 
depends on the modulus of the gradient, are sometimes referred to as systems with Uhlenbeck 
structure in the literature. Indeed, the regularity theory of their solutions can be traced back to 
the celebrated paper |Uhlj . Results from jUhlj imply that, if, for instance, a{t) = for some 
p > 2, a choice which turns (II. ip into the p-Laplacian system, then any local weak solution u 
to dLl]) satisfies Vu G Li^^(l^, M^"), and, in addition, Vu G Cg^(0,M^") for some a G (0, 1). 
The regularity of solutions to the p-Laplacian equation in the scalar case {N = 1) had instead 
earlier been derived in |Urj from theorems on the C"-regularity of solutions to non-uniformly 
elliptic quasilinear systems. The contribution [Uhl] was subsequently extended to the situation 
when 1 < p < 2 in \AF\ ICDiBj . Further generalization to elliptic systems with non polynomial 
growth are the subject of [BSVt iDSVl iMSj [Mar] . Precise inner pointwise gradient estimates, via 
nonlinear and linear potentials, for local solutions to nonlinear elliptic equations, and to systems 
with Uhlenbeck structure, are the subject of the recent papers [DMll [DM21 IKuM] . 

Recall that, in striking contrast with the scalar case |Di [ IEv[ ILel IToj . solutions to nonlinear 
elliptic systems with a more general structure than that of (jl.ip can be irregular. Examples 
in this connection are produced in |SY] . where the existence of nonlinear elliptic systems, with 
smooth coefficients depending only on the gradient, but endowed with solutions which are not 
even bounde, is established. Earlier contributions on irregular solutions to elliptic systems are 
rooted in the paper |DeG| . and include |GMj and |Nej . Related examples, in the scalar case, of 
linear and nonlinear higher-order elliptic equations with irregular solutions were independently 
exhibited in |Malj . 

Let us incidentally mention that, however, solutions to elliptic systems with general structure 
are well known to enjoy partial regularity properties, in the sense that they are locally regular 
in some open subset of $7 whose complement has zero Lebesgue measure. This is the subject 
of a rich literature, starting with the contributions |HKW[ IGiaMo[ [Tv] - see the monographs 
[BFl IGia[ IGij for a comprehensive treatment of this topic. Recent improvements of these results 
in terms of Hausdorff measures can be found in |Mil[ IMi2l IKrMlj . 

The study of global regularity, that is to say up to the boundary, in boundary value problems 
for nonlinear elliptic systems has a more recent history. Global gradient boundedness, and Holder 
regularity, for the p-Laplacian elliptic system, under homogeneous Dirichlet boundary conditions, 
were obtained in [CDiBj . as a consequence of analogous results for the associated parabolic 
problem. Right-hand sides which are bounded in x, and domains whose boundary is of class C^'° 
are considered in that paper. Further contributions on gradient regularity up to the boundary 
for systems and variational problems with Uhlenbeck structure, or perturbations of it, are |BC[ 
[Fb f IFPVj . Partial boundary regularity, i.e. regularity at the boundary outside subsets of zero 
(n — l)-dimensional Hausdorff measure, for nonlinear elliptic systems with general structure, is 
proved in [JMl [PGKl IKrM2j . 

The techniques employed in the literature mentioned above, for both inner and boundary 
regularity, have a local character. In particular, the proofs of global results entail distinguishing 
between points inside the domain, and boundary points, and reducing the treatment of the 
latter to the former. Such reduction requires the use of suitable local coordinates in which the 
boundary of the domain is flat, and the structure of the differential operator is still close enough 
to the Uhlenbeck type to ensure everywhere inner regularity. Techniques for inner regularity 
then apply after a reflection argument, which allows to extend the solution beyond the flattened 
boundary. 

By contrast, the approach of the present paper is global in nature. Loosely speaking, an 
underlying idea in our proof of the global boundedness of the gradient consists in integrating the 
system (jl.ip . after multiplication by Au, over the level sets of |Vu|. In particular, no localization 
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via cut-off functions is employed. Besides allowing for weak regularity assumptions on f and il, 
on approach of this kind enables us to deal not only with Dirichlet, but also with Neumann 
boundary conditions, for which results seem to be missing in the literature. The proof of the 
global boundedness of the gradient in arbitrary convex domains also relies upon the fact that 
no local change of coordinates near the boundary is required. 

Let us finally notice that integration on the level sets of partial derivatives was used in |Ma21 IMa4j 
to show gradient boundedness for linear scalar problems, and in [CMlj for nonlinear scalar 
problems. The approximation scheme exploited in those papers does not apply to the vectorial 
case. Here, we follow an alternative outline, which provides a more self-contained proof also in 
the scalar case. 



2 Main results 

Our assumptions on the system (II. ip amount to what follows. The function a : (0, oo) — ?• (0, oo) 
is required to be monotone (either non-decreasing or non- increasing) , of class C^(0,oo), and to 
fulfil 

(2.1) - 1< ia < Sa < oo, 

where 

(2.2) la = mf — — and Sa = sup —7—. 

t>o a{t) t>o a{t) 

In particular, the standard p-Laplace operator for vector-valued functions, corresponding to the 
choice a{t) = with p > 1, falls within this framework, since ia = Sa = p — 2 in this case. 
Thanks to the first inequality in (j2.2p . the function b : [0,oo) — )• [0,oo), defined as 

(2.3) b{t) = a{t)t if t > 0, and 6(0) = 0, 

turns out to be strictly increasing, and hence the function B : [0, 00) — )• [0,oo), given by 

(2.4) B{t) = [ 6(r) dr for t > 0, 







is strictly convex. The Orlicz-Sobolev space W ' ) associated with the function B, or its 

subspace Wq'^ {i},M.^) of those functions vanishing in the suitable sense on dQ, are appropriate 
functional settings where to define weak solutions to the boundary value problems associated 
with the system (jl.ip . Precise definitions of function spaces and weak solutions are given in 
Sections [3] and [U respectively; existence and uniqueness of such solutions is also discussed in 
Section [6l 

The right-hand side f in 11.11 is assumed to belong to the Lorentz space L"'^(0,M^). This 
space is borderline, in a sense, for the family of Lebesgue spaces L'^(r2,M^) with q > n, since 
Li{n,M.'^) C L"'^(f],M^) C L"(J],M^) for every q > n. Let us mention that membership of the 
right-hand side to the same Lorentz space is already known to yield global gradient boundedness 
for solutions to scalar boundary value problems jCMlj . It has also been shown, via a different 
approach relying upon potential theory, to ensure the inner local boundedness of the gradient 
of local solutions to equations, and to systems with Uhlenbeck structure |DM2j . and also its 
continuity |DM3j . 

The regularity of dil. is prescribed in terms of a Lorentz space as well. We impose that 
do, E W"^ L'^~^'^ . This means that is locally the subgraph of a function of 71 — 1 variables 
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whose second-order distributional derivatives belong to the Lorentz space L"~^'^. This is the 
weakest possible integrability assumption on the second-order derivatives of such a function for 
its first-order derivatives to be continuous, and hence for d^l G C^'^. Note that, by contrast, the 
available regularity results at the boundary require dQ G C^'" for some a G (0, 1]. 

Let us emphasize that both the assumption on f and that on 0, cannot be essentially relaxed 
for our conclusions to hold - see Remarks 12.81 and 12.91 at the end of this section. 

Our result for the Dirichlet problem 



(2.5) 

reads as follows. 



-div(a(|Vu|)Vu) = f (x) in , 
u = on 



Theorem 2.1 Let Q be a domain in R", n > 3, such that G W'^L'^~^'^. Assume that 
f G L"'"'^(il,M^). Let u he the (unique) weak solution to the Dirichlet problem (12. 5p . Then there 
exists a constant C C = C{ia, Sa,^) such that 

(2-6) l|Vu||^oo(f^^KJVn) < C6~-^(||f||in,i(n,RJV)). 

Ln particular, u is Lipschitz continuous in Q. 

An interesting variant of Theorem 12.11 asserts that the the regularity assumption on dfl can 
be replaced by the convexity of Q. This is stated in the next result. 

Theorem 2.2 The same conclusion as in Theorem \2. 1\ holds if is any convex domain in M", 
n > 3. 

Problem (j2.5p is the Euler equation of the minimization problem for the strictly convex 
functional 

(2.7) J{u)= [ (-B(|Vu|)-f •u)dx 

Jn 

among trial functions u in Wq'^ {^l^M.^). Note that J is well defined in this function space 
under our assumption on f - the beginning of Section [6l The interpretation of Theorem 12.21 as 
an existence result for minimizers of the functional J in the space Lipo(fi,M^) of M^- valued 
Lipschitz continuous functions in Q vanishing on dil., to which we alluded in Section [H is the 
content of the following corollary. 

Corollary 2.3 Let Q be any convex domain in M", n > 3. Assume that f G L"'i(J],M^). Then 
the functional J admits a ( unique ) minimizer in the space Lipo(fi,M^). 

Results parallel to Theorems 12 . If[2r2] and Corollarv 12 . 31 hold for the solutions to the Neumann 
problem 

' -div(a(|Vu|)Vu) = {{x) in n, 

(2.8) { du 

^ ^ = on dn. 

ou 



Clearly, here f has to fulfil the compatibility condition 

(2.9) / f{x)dx = 0. 

Jn 
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Theorem 2.4 Let 0, and f be as in Theorem \2.1\ Assume, in addition, that (j2.9p holds. Let u 
he the (unique up to additive constant vectors) weak solution to problem ()2.8p . Then there exists 
a constant C = C{ia, Sa,^) such that 

(2-10) l|Vu||^oo(f^_Ig]Vn) < Cb^^{\\i\\ln.l^Q^^N-j). 

In particular, u is Lipschitz continuous in Q. 

A counterpart of Theorem 12.41 for convex domains is contained in the next result. 

Theorem 2.5 The same conclusion as in Theorem \2.4\ holds if Q is any convex domain in R"-, 
n > 3. 

The minimization problem for the functional J in the whole of M^) leads to the 

Euler equation ()2.8p . Hence, we have the following corollary of Theorem 12.51 

Corollary 2.6 Let Q be any convex domain in M", n > 3. Assume that f G ^"'-'^($7, M^) and 
fulfils ()2.9p . Then the functional J admits a (unique up to additive constant vectors) minimizer 
in the class Lip(il,M^). 

Remark 2.7 Versions of the above results can be established via our approach also in the case 
when n = 2, under the slightly stronger assumption that f E L'^(r2,M^) for some q > n. This 
becomes clear from a close inspection of the proofs. 

Remark 2.8 The sharpness of assumption f G M^) for the boundedness of the gradient 

of the solution to the Dirichlet problem follows, in the linear case corresponding to the choice 
a = 1, from a result of |Ci2] dealing with the scalar Laplace equation in a ball. 

Remark 2.9 The assumption 50 G W'^L^~^'^ is optimal for the boundedness of the gradient, 
as long as the regularity of Q is prescribed in terms of integrability properties of its curvature. 
This can be demonstrated, again even just for scalar problems, by ad hoc examples of Dirichlet 
and Neumann problems for the p-Laplace equation in domains whose boundaries have conical 
singularities - see e.g. [CM2j . Examples of the same nature also show that the conclusion of 
Theorems 12.21 and 12.51 may fail under slight local non-smooth perturbations of convex domains 
[CM2] . 

3 Function spaces 

3.1 Spaces of measurable functions and rearrangements 

Let (7^, m) be a positive, finite, non-atomic measure space. The decreasing rearrangement v* : 
[0, do) — )• [0, oo] of a real-valued m-measurable function f on 7?. is the unique right-continuous 
non-increasing function in [0, oo) equidistributed with v. Namely, on defining the distribution 
function fi^ : [0, oo) — )■ [0, oo) of v as 

(3.1) Hy{t) = m{{x £ n : \v{x)\ > t}) for t > 0, 

we have that 



(3.2) v*{s)=sup{t>0:fLy{t)>s} forsG[0,oo). 
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Clearly, v*{s) = if s > m(7^). 

The function v** : (0, oo) — )■ [0,oo), defined by 



1 

v**(s) = - v*(r)dr for s > 0, 
s Jo 



is also nondecreasing, and such that v*{s) < v**{s) for s > 0. 

The Hardy-Littlewood inequality is a basic property of rearrangements, and asserts that 



(3.3) / \v{x)w{x)\dm{x) < / v*{s)w*{s)ds 

Jn Jo 

for all measurable functions v and it; on 7^. 

Roughly speaking, a rearrangement-invariant space is a Banach function space whose norm 
only depends on the rearrangement of functions - see e.g. \BS\ Chapter 2] for a more precise 
definition. Besides the Lebesgue spaces, their generalizations provided by the Lorentz and the 
Orlicz spaces are classical instances of rearrangement-invariant spaces which will play a role in 
our discussion. 

Given q G (l,oo) and a E [l,oo], the Lorentz space L^''^{TZ) is the set of all real-valued measur- 
able functions v onTZ for which the quantity 
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(3-4) \Mli>-{'R) = \\s" -W*(s)||L<.(o,,n{7e)) 

is finite. One has that L'^'^ilZ) is a Banach space, equipped with the norm, equivalent to 
Wli'^cr^^ obtained on replacing v* with v** on the right-hand side of (j3.4p . Furthermore, 

(3.5) L'?'«(7^) = L«(7^) if ^ G (1, oo). 



(3.6) L'''^! (7^) ^ L'''^2 (7^) if g e (1, oo) and cti < fja, 
and 

(3.7) L^^'^'iTZ) L''2.<^2(7^) if > q2 and cti,CT2 G [1,oo]. 

Here, and in what follows, the arrow " — )• " stands for continuous embedding. Let us notice that 
the norm of the embedding ()3.6p depends on q, ui, a2, and the norm of the embedding ()3.7p 
depends on qi, q2, (Ji, 02 and m(Tl). 

Denote by q' and a' the usual Holder's conjugate exponents of q and a. A Holder type inequality 
in Lorentz spaces tells us that there exists a constant C = C{q,a) such that 



(3.8) J \v{x)w{x)\dm{x) < C\\v\\Lq,a^^Ti)\\w\\j^q'^„i^j^-^ 

for every v £ L'?''^(7^) and w £ L5'''^'(7^). 

Given N > 1, the Lorentz space L'^'°"(7^, M^) of M^-valued measurable functions on TZ is de- 
fined as L'^''^(7^,M^) = {Li''' (TZ))^ , and is endowed with the norm defined as ||v||^g,(T('7^ jgjv^ — 
II |v| ||L«,<.(7^) for V G L'^''^(7^,M^). 

The Orlicz spaces extend the Lebesgue spaces in the sense that the role of powers in the 
definition of the norms is instead played by Young functions. A Young function B : [0, 00) — t- 
[0,00] is a convex function such that B{0) = 0. If, in addition, < B{t) < 00 for t > and 

, Bit) , , B(t) 

lim = and lim = 00, 

t^o t t^-oo t 
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then B is called an A^-function. The Young conjugate of a Young function B is the Young 
function B defined as 

B{t) = sup{st - B{s) : s > 0} for t > 0. 

In particular, if B is an A^-function, then B is an A^-function as well. Moreover, if B is given by 
(1231), then 



(3.9) B{t)= / b'^{s)ds fort>0. 

Jo 

Notice that 

(3.10) s < B^'^{s)B~^{s) < 2s for s > 0. 

A Young function (and, more generally, an increasing function) B is said to belong to the class 
A2 if there exists a constant C > 1 such that 

B{2t) < CB{t) for t > 0. 

The Orlicz space L^{TZ) is the Banach function space of those real- valued measurable functions 
V on TZ whose Luxemburg norm 

IIHIlB(^) = inf I A > -.J^bI^-^^ dm{x) < l| 

is finite. The Holder type inequality 

(3.11) \v{x)w{x)\ dm{x) < 2\\v\\lB(^ti-)\\w\\^s^^^ 

holds for every v S L^{TZ) and w G L^{TZ). Let Bi and B2 be Young functions. Then 
(3.12) 

L^^{n) L^^{TZ) if and only if there exist c,to > such that B2{t) < Bi{ct) for t > to- 

The Orlicz space (TZ,M.^), with A^ > 1, of M^-valued measurable functions on TZ is defined 
as L^(7^,]R^) = {L^ (TZ))^ , and is equipped with the norm given by ||v||iS(7^ irjv-) = || |v| ||j;,s(7^) 
for V G L^(7^,M^). 

3.2 Spaces of Sobolev type 

Let be a domain in M", with n > 2, and let m £ N. Sobolev type spaces of m-th order weakly 
differentiable functions in Q, built upon Lorentz and Orlicz spaces, are defined as follows. 
Given q S (l,oo) and a G [l,oo], the Lorentz-Sobolev space 

W"'L''^''{n) = {u£ L'?''^(0) : is m-times weakly differentiable in Q 

and iV'^til G L9''^($7) for 1 < /c < m} 

is a Banach space equipped with the norm ||ii||vK'"L9.'^(n) = SfcLo II |V^n| ||L>j,<T(f^). Here, V^u 
denotes the vector of all weak derivatives of u of order k. By S/^u we mean u. Moreover, when 
k = 1 we simply write \7u instead of V^n. 
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If cr < oo, the space C°^{Q) n W'^Li^^'in) is dense in W"'Li'''{n). This fact fohows via an easy 
variant of a standard argument for classical Sobolev spaces, and makes use the density of Cg°(0) 
in L'?'°'(r2), and of a version of Young convolution inequality in Lorentz spaces due to O'Neil M 
Theorem 2.10.1]. 

A limiting case of the Sobolev embedding theorem asserts that if has a Lipschitz boundary, 
then W^L^'^{i^) — t- C^{Q); moreover, L^'^{^1) is optimal, in the sense that it is the largest 
rearrangement invariant space enjoying this property |CPj . Hence, in particular, 

(3.13) w'^L'^'^n) ^c^'^{n), 

and L^'^{Q) is optimal in the same sense as above. 



The Lorentz-Sobolev space W"^Li'''{n,R^), N > 1, of M^-valued functions in n is defined 
as W"'Li'''{n,R^) = {-[V^Li'^in))^, and endowed with the norm given by \\u\\w^L,,.(^n) = 
Er=o II |V*^"l llL'^-(t^) for u G iy™L5'-(0,M^). 

The Orlicz-Sobolev space W'^'^iQ) is the Banach space 

W^'^{Q) = {n G L^{Q) : is m-times weakly differentiable in Q. 

and iV'^ii] G L^(il) for 1 < A: < m} , 

and is equipped with the norm H^iUvK^'S^Q) = X^fcLo II ||L^(n)- In what follows, we shall only 

make use of first-order Orlicz-Sobolev spaces W'^'in). By Wo' (J^) and W^"" (Q) we denote 
the subspaces of W^'^{Q,) given by 

WQ'^{i}) = {n G W^'^{i}) : the continuation of w by outside Q is weakly differentiable in R"} 
and 

Wj'^(fi) = |u G W^'^(O) : j u{x)dx = Oy 

1 B 

A theorem of |DTj ensures that, if i? G A2, then the space C^{n) is dense in VFo'"(0), and 
that, if is a Lipschitz domain, then C°°(0) is dense in VF^'^(il). 
Let -B be a Young function such that 



n-l 



(3.14) l^^j .*<„o. 

The Sobolev conjugate of B, introduced in |Ci4j (and, in an equivalent form, in |Ci3) ). is the 
Young function Bn defined as 

(3.15) Bn{t) = B[H~\t)) fort>0, 
where 

\ 1/"' 



(3.16) Hn{s) =[^j^ (^-^J dtj for s > 0, 

and denotes the (generalized) left-continuous inverse of Hn- 

An embedding theorem for Orlicz-Sobolev spaces |Ci31 ICi4] tells us that, if B fulfils (j3.14p . then 
there exists a constant C = C{n, \n\) such that 

(3-17) II^^IIls„(j^) < C|| |Vn| WiB^n) 
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for every u G Wq' (Q). Moreover, if has a Lipschitz boundary, then inequahty (|3.17p holds for 
every u G W^^'^iQ). The space L^"(Q) is optimal in dXTT]) among all Orlicz spaces. Note that 
assumption (j3.14p is, in fact, immaterial in (j3.17p . since, owing to (j3.12p . the Young function B 
can be replaced, if necessary, with another Young function fulfilling (|3.14p in such a way that 
W^'^{Q) remains unchanged, up to equivalent norms. 
If B is a Young function, then 

(3.18) L~(n) ^ L^"(n) ^ L"'(0). 

The first embedding in (j3.18p is trivial. As for the second one, since is a Young function, 
there exist constants co and to > such that t < B{cot) if t > to- As a consequence, there exist 
constants ci and ti such that t" < Bn{cit) for some t > ti. Hence, the second embedding in 
(I3l^ follows via (l3l^ . 

Let us also observe that, if B grows so fast near infinity that 

(3.19) y i^j 

then equality holds in the first embedding in (j3.18p . Indeed, under (|3.19p . H~^{t) = oo for large 
t, and hence Bn{t) = oo for large t as well. Hence, L^"(0) = L°°(i7), up to equivalent norms. 
The Orlicz-Sobolev space VI/'"'^(n,M^) is defined, for iV > 1, as VI/"^'-^(Jl, M^) = (VF'"'^(f^))^, 
and equipped with the norm ||u||^m,S(-Q') = X^^Lo II l^'^uj ||/,s(q)- The spaces Wo'^(0,M^) and 
{VL^M.^) are defined accordingly. 



4 The function a 

This section is devoted to the proof of some properties of the function a appearing in (jl.ip . 
Hereafter, h and B denote the functions associated with a as in ()2.3p and (|2.4p . Furthermore, 
we define the function H : [0, oo) — > [0, oo) as 

(4.1) H{t)= [ a{T)h{T)dT fort>0, 

JO 

and the function F : [0, oo) — )• [0, oo) as 

(4.2) F(t) = / 6(r)2 dr for t > 0. 

Jo 

Proposition 4.1 Assume that the function a : (0, oo) — )• (0, oo) is of class and fulfils (j2.ip . 
Let b and B be the functions given by (|2.3p and (|2.4p . respectively, and let H and F be defined 
as above. Then: 

(^) 

(4.3) a(l)min{t*",t*'"} < a(t) < a(l)max{t*",t'*"} fort>0. 
(a) b is increasing, 



(4.4) 



lim6(t) = 0, and lim b(t) = oo. 
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(in) B is a strictly convex N -function, 

(4.5) B eA2 and Be Ag. 

(iv) There exists a constant C = C{ia,Sa) such that 

(4.6) B{b{t)) < CB{t) for t > 0. 

(v) For every C > 0, there exists a positive constant Ci = Ci{sa,C) > such that 

(4.7) Cb~\s) < b-\Cis) for s > 0, 
and a positive constant C2 = C2{ia,C) > such that 

(4.8) b-\Cs) < C2b-\s) for s > 0. 

(vi) There exists a positive constant C = C{sa) such that 

(4.9) B{t) < tb{t) < CB{t) for t > 0. 

(vii) There exists a positive constant C = C{ia,Sa) such that 

(4.10) F{t) < tb{tf < CF{t) for t > 0. 

(viii) There exist positive constants Ci = Ci{ia) and C2 = C2{ia, Sa)such that 

(4.11) CiH{t) < b{tf < C2H{t) for t > 0. 

Proof. Assertions (ii)-(vii) are proved in |CMH Propositions 2.9 and 2.15]. Property (i) can be 
shown on distinguishing the case when t G (0, 1) and t G [1, 00), and integrating the inequahty 

in a'ir) Sn 

— < — rr- < — for r > 0, 

r a(r) r 

on (t, 1) and on (l,t), respectively. 

As far as (viii) is concerned, since b'{t) = a{t) + ta'(t) for t > 0, one has that 

(4.12) m J) fo,<>o. 

^ ^ 1 + Sa ~ l + mm{ia,0} 

and hence 

(4.13) < /* a(r) dr < ^^^"^ * > 

^ ^ 1 + Sa " io l + mm{ia,0} 

Thus, inasmuch as b is increasing, 

/■* b(t)'^ 

Hit) < bit) / air) dr < H ^ for t > 0, 

^ ^ ~ ^ ' Jo ~ l + min{i„,0} 

whence the first inequality in (j4.1ip follows. On the other hand, integration by parts and in- 
equalities (f4T2]l and (14131) yield 



ft pt Pi pT 

H{t)= I a{T)b{T) dr = b{t) / a(r) - / 6'(r) / a{r) dr dr 

> /V + sMr)-^^^^r = V - to. * > 0. 

1 + Sa Jo 1 + mmjza, j 1 + Sa 1 + mmjia, Oj 

This implies the second inequality in (|4.1ip . □ 
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Lemma 4.2 Let a he as in Lemma \4.1\ Then 

(4.14) (l + min{i.,0})a(|^|)H2< ^ ^ < (1 + max{.,, 0})a(|e|)|r?|^ 

a,0=l i,j=l ^^j 

for ^, G M^". Moreover, 

(4.15) [aim - a{\vM • (^ - ^) > (1 + mm{i„ 0})!^ - C a(h + s{i - r/)|)ds 

JO 

for C,r]£ M^". 

Proof. Given i,j,a,/3, one has that 

(4.16) ^^^^ = ^Ce^a(|e|)M«/3 fore EM-. 
Thus 

(4-17) E E ^^i§^^?< = E E ^ce^f < + am) E E(^n^ 

a,^=lj,i=l "^^i a,(5=li,j=l q=1 j=l 



Since |e-r/|<|e||r/|, equation (lilil) follows via (l2l^ . 



-{^■vY + aimvr fore,r/G 



Next, set ^"^(C) = '^^"^'^^'"^ for C G K^"- Given i and a, we have that 



N n „i 

Kici)er-«(N)<] = EE(^f-'?i) / <(^ + Ke-^))d^ fore,^?^™^- 



/3=1 j=l 

Therefore, 

N n „1 

Kie|)e-a(|r?|)r?].(e-r?)= J] {^f -r,m^ - r,^) A^f(rj + s{^-v))ds fov ^,rj e 

a,/3=ljj=l ° 

and hence inequality (j4.15p follows via (|4.14p . □ 

Lemma 4.3 Let a be as in Lemma \4-1\ Assume in addition that a is non- decreasing. Then 

(4.18) [aim - a{\riM ■ - rj) > i[a(|e|) + a{\rj\)] \C - for t r? G M^". 

Proof. Since inequality (j4.18p is invariant under replacements of and rj by each other, we may 
assume, without loss of generality, that 1^1 > \r]\, and hence a{\(,\) > a{\r]\). Consider first the 
case when a(|e|) < 2a(|7y|). Then, given any ^ / r/, 

(4.19) 

(aim - a{\v\)v) -i^-v) -v)-iC-v) (gg^ - v) ■ - v) 

Ki?i) + «(M))ie-r?p (^ + i)|^_^|2 - 3ie-^|2 

3|e-r?|2 3+ 3|e-r?|2 

^1 (S-l)(ICp-|Clkl) ^l 
-3+ 3|e-r?|2 -3- 
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Assume now that > 2a(|?7|). Then, given any ^ rj, 

(4.20) 

(aim - aiWri) ' - v) _ - v) ' - v) ^ . (.g - r?) • - r?) _ (2^ - r?) • (g - r?) 

2\e-3^-v+\v\' \^-v\' + \e-^-v 

3|e-r?|2 3|C-7?|2 
-3^ 3|e-r?|2 -3- 

Inequahty (I4.18|) is fully proved. □ 



Lemma 4.4 Let a be as in Lemma \4-1\ Assume, in addition, that a is monotone (either non- 
decreasing or non-increasing). Then, for every t,T > 0, there exists a positive constant -& = 
'!?(a, t, t) such that 

(4.21) inf{[a(|e|)e - a(|r?|)r?] • (^ - r/) : r? G M^", 1^ - r?| > t, \C\ < T,\r]\ < r} > ^ . 
Proof. Assume first that a is non-decreasing. In particular, Sa > ia ^ 0. Then, by Lemma 14.31 

(4.22) [aim - ^i\vM • (e - r?) > i[a(|e|) + a(|r/|)] 1^ - r?|2 for ^, ry G M^". 
Since, by (gSD and (gJD, a G A2, 

(4.23) a{\C - 77I) < a(|e| + |r/|) < a(2|e|) + a(2|r?|) < C[a(|e|) + a{\r,\)] for r? G M^". 
By ([1:22]) . (p:23]) and the first inequality in (jTSl) . 

(4.24) [a(l^l)^-a(hl)^] • (C - ??) > C min{|^ - r/|*«+MC - for ^,r? G M^*^, 

for some positive constant C = C{a). Hence (|4.21|) follows, since {C^j G M^" : \C — r]\ > t, \^\ < 
T, Ivl < 7"} is a compact set. 

Assume next that a is non- increasing. Thus, > > ia- By (|4.15|) . 
(4.25) 

KI^IK-a(hl)^] •(^-^) > (l + min{i„0})|^-77|2 / a{\v + - r])\) dt for^,r?GM^-. 

Jo 

Owing to (|OD . 

(4.26) o(|r7 + t(^ - 7y)|) > Cmin{|?7 + t{C - vW^Av + " 

>Cmin{(|r/| + |e-r/|)*%(|7?| + |^-,7|)^'"} 
>C7'min{(|7?| + |e|)*%(|r?| + |C|)^'"}, 

for some positive constants C = C{a) and C = C'{a). Coupling (|4.25p with (|4.26p yields 

Him - <\r]M ■{^-V)> Cminm + |e|)*% M + iCir^m - r]\^ for C,r] € M^", 
for some positive constant C = C{a). Hence, ()4.2ip follows also in this case. □ 



13 



In the following lemma, any function a as in the statement of Theorem 12.11 is approximated 
by a family {as} of functions enjoying the additional property of being bounded from above and 
from below by positive constants. 



Lemma 4.5 Let a be as in Lemma \4-l\ Assume, in addition, that a is monotone (either non- 
decreasing or non-increasing). Given e G (0, 1), define ag : [0,oo) — )• (0, oo) as 

(4.27) i^<:^£±p±l f„ t>0^ 

1 + ea{Ve + 1^) 

Then has the same monotonicity property as a, 

(4.28) a, gC1([0,oo)), 

(4.29) e < ae{t) < for t > 0, 

(4.30) min{ia,0} < ia, < Sa, < max{sa,0}, 

(4.31) lim ae(l^l)^ = a(|C|)C uniformly in G M^*^ : |^| < M} for every M > 0. 

£-S>0 

Moreover, if and are defined as in (j2.3|) and (j2.4|) , respectively, with a replaced with , 
then 



(4.32) lim bg = b uniformly in [0, M] for every M > 0, 
and hence 

(4.33) lim Bg = B uniformly in [0, M] for every M > 0. 
e-i>0 

Proof. Property (j4.28p trivially follows from the fact that a G C"'^(0,oo). Since 



(4.34) = fo,,>„, 

(l + ea(VeTi2)) y/e + t^ 

a' and a'^ have like signs, and hence a and a^ share the same monotonicity property. Equation 
(j4.30p is an easy consequence of ()4.34p and of the very definitions of ia^ and Sa^ . Equation (j4.29p 
follows from the definition of a^, and from the fact that the function [0, oo) 9 s i— )• is 
increasing for every e G (0, 1). 
Next, note that 

lim Og = a uniformly in [L, M] for every M > L > 0. 

e— >-0 
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Hence, 

(4.35) lim bf, = b uniformly in [L, M] for every M > L > 0. 

e-i>0 

On the other hand, by (j4.3p with a replaced with and by (j4.30p . 
(4.36) 

< hit) = tae{t) < ae(l)t^+^'"^*-°^ < (max{a(\/2), a(l)} + i)fi+'«i"K,o} if q < f < 1, 
whence 

(4.37) lim beU) = uniformly for e G (0, 1). 

Combining KT7\\ and (g^I) yields gSl]). 

The proof of (|4.31|) is analogous. □ 

5 Fundamental geometric and differential inequalities 

Here, we enucleate some inequalities of geometric and functional nature which are needed in the 
proofs of our main results. 

We begin with a relative isoperimetric inequality, which tells us that if Q is an open subset of 
M", n > 2, with a Lipschitz boundary, then there exists a constant C such that 

(5.1) 1^1^/"' < cn''-\d^'E n !^) 

for every measurable set E <Z such that \E\ < \i^\/2 |Ma5|. Corollary 5.2.1/3]. Here, \E\ denotes 
the Lebesgue measure of E, d^^ E its essential boundary, and 'H'^~^ stands for (n— l)-dimensional 
Hausdorff measure. 

Inequality ()5.ip can be derived via another geometric inequality, which holds in any Lipschitz 
domain fi, and asserts that 

(5.2) w~^{d^'E n dvt) < crr~^{d^'E n n) 

for some constant C = C(il), and for every measurable set E C il. such that \E\ < \^\/2 |Ma51 
Chapter 6]. Indeed, 

(5.3) d^E = {d^Endn)u{d^Enn), 

for every measurable set E C ^l, the union being disjoint, and hence 

(5.4) w~^{d^'E) = w-^{d^'E n dn) + w^{d^'E n n) , 

inasmuch as 7i"'~^ is a measure when restricted to Borel sets. Thus, inequality ()5.ip follows from 
(j5.2p . (j5.4p . and the classical isoperimetric inequality in M", which takes the form 



l^|i/n' < crc'-^{d^'E) 

for some constant C = C{n), and for every measurable set E in M" with finite measure. Notice 
that, in particular, the constant in (15. ip depends on n and on the constant in (15. 2p . 

A trace inequality for functions from the Sobolev space W^''^{Q,), whose support has measure 
not exceeding |f2|/2, is the content of the following lemma. In the statement, Trv denotes the 
trace on of a function v, and suppu its support. 



15 



Lemma 5.1 Let Q be a domain with a Lipschitz boundary in M", n > 2. Assume that either 
1 < <? < ' or 1 < q < oo, according to whether n > 3 or n = 2. Then there exists a 

constant C , depending on n, q and on the constant in (|5.2p . such that 



(5.5) (/ \Trv\''dn''-^{x))' <C\suppv\'^~'^( [ \Vv\'^dx 
for every v G 1/F^'^(il) satisfying |suppu| < |r2|/2. 

Proof of Lemma 15.11 There exists a constant C, depending on n, q and on the constant in 
([O]) . such that 

(5.6) ( / iTrwI^dT^^-M <c( I \Vv\^^^dx) 
\Jdn ) \Jn ) 

for every v G VF^'^(O) fulfrhing |suppf| < |r2|/2. Inequahty (j5.6p can be derived from a subse- 
quent appHcation of |Ma5( Theorem 6.11.4/1] to \v\'- (with p = 1), of Holder's inequahty, and of 
|Ma51 Lemma 6.2]. With inequahty (j5.6p in place, inequality (j5.5p follows via Holder's inequality. 

□ 

If u G W'^'^{Q,'K^), then |Vu| G W^'^{^), by the chain rule for vector-valued functions 
[MM! Theorem 2.1]. An application of the coarea formula for Sobolev functions in the form of 
|BZ] then tells us that, for every Borel function g : Q ^ [0, oo). 



p poo p 

(5.7) / c/(x)|V|Vu||dx = / / g{x)dW-^{x)dT for t > 0, 

J{|Vu|>t} Jt J{|Vu|=r} 

provided that a suitable precise representative of the function |Vu| is employed. Hence, if the 
left-hand side is finite for t > 0, then it is a (locally) absolutely continuous function of i, and 

(5.8) - T" / 5(2;)|V|Vu||(i2; = / g{x)drr-^{x) for a.e. t > 0. 

i{|Vu|>t} Ji|Vul=tl 

The use of the coarea formula again t^ 
t > 0, and that if g is as above, then 



'{|Vu|>t} J{|Vu|=t} 

The use of the coarea formula again tells us that 'H"~'^({|Vu| = t}n{|V|Vu|| = 0}) = for a.e. 



CXD 



(5.9) / g{x)dx= I g{x)dx+ I I ^^dn''~\x)dT 

J{\Vu\>t} J{|Vu|>t}n{|V|Vu||=0} Jt 7{|Vu|=t} |v|Vu|| 

for t > O.In particular, equation (|5.9p entails that, if g G L^{Q), then 

(5.10) -T- / 9{x)dx> f JI-^ ,, dn''-Hx) fora.e. t>0. 



V{|Vu|>t} 7{|Vu|=t} |V|Vu|^ 

The following differential inequality involving integrals over the level sets of a Sobolev func- 
tion relies upon the coarea formula and the relative isoperimetric inequality ()5.ip . and is estab- 
lished in [Ma3] . 

Lemma 5.2 Let il. be a domain with a Lipschitz boundary in M", n > 2. Let v be a nonnegative 
function from VF^'^(f]), and let /i^ and v* denote the distribution function and the decreasing 
rearrangement of v defined as in (|3.ip and (|3.2p . respectively. Then there exists a constant C, 
depending on the constant in (15. 2p . such that 

1 /2 

(5.11) 1 < C(-K,(i))'/V.(i)"'/"' f - ^ / \Vv\'dx) for a.e. t > v*{\n\/2). 

\ at J{v>t} / 
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The next lemma provides us with a lower estimate for the scalar product between the dif- 
ferential operator appearing on the left-hand side of the equation in (j2.5p . evaluated at some 
M^-valued smooth function, and its Laplacian, via terms in divergence form and a nonnegative 
term. 

Lemma 5.3 Assume that a : (0, oo) — t- (0, oo) is of class , and satisfies the first inequality in 
(fZT]) . Let n be an open set in M", n > 2, and let v G C^(0,M^), with v = (u^ . . .,v^). Then 



VP 



(5.12) 

N N 

^Az;°div(a(|Vv|)Vu") > ^ div(A7;" a(| Vv|)Vu") 
a=l a=l 

N n N 
-EE fe,«(|Vv|)<J^.^ + (1 + min{.„ 0})a(|Vv|) ^ |V 

a=l i,j a=l 

in {Vv / 0}. 

Proof. In {Vv / 0}, we have that 

N N N n 

(5.13) 5^ A^;"div(a(|Vv|)Vt;°) = div(Ai;" a(| Vv|)Vt;°) "EE Vv|)r;« 

a=l a=l a=l i,j=l 

N N n 

= J]div(AT;"a(|Vv|)Vt;") - «,^,a(|Vv|)<J 

a=l Q!=l i,j 

N n N n 

+ E E fe.f «(ivvi) + E E <..«(ivvi) 

a=l i,j=l a=l i,j=l 

Now, 

N n N n 

(5-14) E E «x,)'a(|Vv|) + E E <x.«(|Vv|).,< 

a=l i,j=l a=l i,j=l 

n N n fi 

= E «(ivvi)+ E E <x,«'(ivv|)^<,^,< 

j,j=l ",/9=l i,j,k=l 

= a(ivv|)(f y(„" f+f y °'(|Vv|)|Vv| ^„„ A„« ^ 
"u vv|M ^ ^ vf^^^a;,; ^ a(\vv\) ivvi '''''^' ivvr''*=''^' y 

On setting = (4ix,> • • • '4„x,> • • • • • • ,v^^^^) and w = and making use of the 

first inequality in ()2.ip . one obtains that 

(5.15) »(ivv|)(x:Efe%)'^+ E E =^^^Sw^^<».^<«0 

\a=ljj=l VI i; I I II / 

^«(|Vv|.g(,.'P.»l(.'...=) 

n 

> «(|Vv|) ^ (|W|2 + i,(F^- . 0^)2) > a(|Vv|)(l + minK, 0}) ^ \V^\\ 
Inequality (fHT^ follows from □ 
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The last two results of this section provide us with key inequalities involving integrals on 
level sets and on level surfaces of M^-valued smooth functions in a smooth domain Q, satisfying 
either Dirichlet, or Neumann homogenous boundary conditions. 

Lemma 5.4 Let Q be a domain with G in M", n > 2, and let a be as in Theorem 
[2l[ Assume that v G C°°{n,R^) D C'^{Tl,R^), and v = on (90. Let B denote the second 
fundamental form on dVl, and let tiB be its trace. Then 



(5.16) 

(1 +min{ia,0})2 



b{t) f \V\Vv\\dn''~\x) <t [ \div{a{\Vv\)Vv)\dn''~\x) 

J{\Vv\=t} J{\Vv\=t} 

+ 77^ / |div(a(|Vv|)Vv)|2(i2; 

J{\Vv\>t} 

+ a(||Vv||^,x>(Q]RiVn))||Vv||^^(^]gAr„) / \tTB{x)\d'H"-^{x) 



for a.e. t > 0. Moreover, if r > n — 1, then 
(5.17) 

{l + mm{ia,0}) ^^^^ I ^ ^ /■ |div(a(|Vv|)Vv)|d?^"-H2;) 

2 J{|Vv|=t} J{|Vv|=t} 

+ / ,, |div(a(|Vv|)Vv)p(ix + a(t)t^ / \iTB{x)\dH''~^ {x) 

J{|Vv|>t} «(l VV|) Jaf7n9{|Vv|>i} 

for a.e. t > t^, where t^ = |Vv|*(a|r2|), and a E (0, 2] is a constant depending on Sa, n, r, 
||trB||ir(gf7), |0|, and on the constant in inequality (15. 2p . 

LfQ is convex, then the integral involving trB can be dropped on the right-hand sides of inequal- 
ities (I5.16P and ()5.17p . and the constant a neither depends on r, nor on ||trB||j^r(gQ) . 

Proof. The level set {|Vv| > t} is open for t > 0. Moreover, for a.e. t > 0, the level surface 
9{|Vv| > t} is an (n — l)-dimensional manifold of class outside a set of 7i"'~^ measure zero, 
and 

a{|Vv| >t} = {|Vv| = t}u {dnnd{\Vv\ > t}). 

By inequality (|5.12p and the divergence theorem we have that 
(5.18) 

y/ Ai;"div(a(|Vv|)Vi;")(ix > y / div(Ai;" o(| Vv|)Vi;")(i2; 

^lA|Vv|M} ^lA|Vv|M} 

N ^ n ^ r 

-E / E «x,«(|Vv|)<)^ dx + (l+min{4,0})y / a{\V^r\)\V'v"\'dx 

= / A^"a(|Vv|)— d?^"-i(x) -Y, E <x,«(|Vv|)<i.,d^""n^) 

TV 

+ (l + min{ia,0})y / a(| VvDlV^u^pdx for a.e. t > 0. 

^1 ^{|Vv|>t} 
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Here, Vj denotes the j — th component of the outer normal vector i' to (9{|Vv| > t}. Now, observe 
that, for a.e. t > 0, 

-•- on {|Vv| =t}. 



Moreover, 



Thus, 



|V|Vv| 



N n 



a=l 1=1 



(5.19) 

N . ^ „ N 



= a{t)Y /:^v^^(ne"\x) + a{t)t |V|Vv||d?^"-i(x) 

^7{|Vv|=t} ou ^{|Vv|=t} 

+ E / a(|Vv|)(At;"— - E for a.e. t > 0. 

Let us focus on the mtegrals on the right-hand side of (|5.19p . Since, for each a = 1, . . . , A^, 

(5.20) div(a(|Vv|)Vt;") = a(|Vv|)At;" + a'(|Vv|)Vt;° • V|Vv| , 

one has that 
(5.21) 

ait) y [ Av" ^dn^-' 



y / div(a(|Vv|)Vi;")^(iH""Hx)-a'(t) V / Vi;° • V|Vv|^dH""Hx) 

'{|Vv|=t} ^^J{|Vv|=t} OU 



a=l 



= E / div{a{\V^\)Vvn^dn-~\x) + a'{t)y [ |V|Vv|| 

<t [ div(a(|Vv|)Vv)(i7^"-i(x) + a'(t) / |V|Vv|| 

i{|Vv|=rt ^{|Vv|=t| 



dv ^ 



dv 



'{|Vv|=t} ^{|Vv|=t} 

for a.e. t > 0. Here, we have exploited the fact that 

dv"^ V7;"-V|Vv| , 

— = - i^i^^ii on {|Vv| = t} , for a.e. t > 0. 

Next, we make use of the fact that, for each a = 1, . . . ,N, 

(5-22) Av-— - E 

dv'^ \ ( dv°' \ dv'' 



divTH^VTv" -trfi — -e(VTu",VTV°) -2VTt;"- on 
ov I \ ov I av 
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where divT and denote the divergence operator and the gradient operator on di}, respectively 
\Gic\ Equation (3,1,1,2)]. CoupHng (j5.22p with the condition v = on d^l tells us that 



(5.23) Av-— - J2 = -tr^ J on dn . 



Therefore, 



(5.24) f a(|Vv|)(At;"^ - <,^.<i/,) d?/"-i(x) 

= -E / a(|Vv|)trfi(x)(^yd?^'^-i(x) 

>- [ a(|Vv|)|Vvp|trB(x)|dH"-n2;) for a.e. t > 0. 

J9Qna-nvvi>t> 



'9Qna{|Vv|>t} 

By Young's inequality and the inequality |Av| < |V^v|, we have that 

AT 



(5.25) y[ At;"div(a(|Vv|)Vt'")dx < ^ + f a(| Vv|)| V^v^dx 

+ ^7 7 f ni ,J div(a(|Vv|)Vv)Pdx 

l + minK,0}y{|Vv|>O«(|Vv|)' ^ ^' ^' 

for a.e. t > 0. Combining (f5J8]l . (f5J9]l . ([521$, (!5:2i]l and (l5:25D yields 
(5.26) 

/ |V|Vv|| f Q(t)t + a^(t) 1^ ') dW'-\x) + ^ + "^y^"' 0) /■ a(|Vv|)|V2v|2dx 

j{|vvi=i} V di/ y 2 J{|vv|>t} 

<t /" |div(a(|Vv|)Vv)|d?^"-i(x)+ / ^^|div(a(|Vv|)Vv|2dx 

J{|Vv|=t} 1 + minjza, 0} J{|vv|>t} a(| Vv|) 

+ / a(|Vv|)|Vv|2|tre(x)|(i^"-i(x) 



for a.e. t > 0. Observe that 



5v ^ 



> a(t)t + min{0,a (t)}t^ > (1 + min{ia, 0})a(t)t on {|Vv| = t}. 



(5.27) a{t)t + a'it) ^ 
ov 

From (j5.26p and (|5.27p we deduce that 
(5.28) 

(l + min{i„0})&(t) / |V|Vv||rf?^"'i(x)+ -^^^'^^'"'"^ / adVvDjV^vpdx 

J{|Vv|=i} 2 J{|Vv|>t} 

<t/ |div(a(|Vv|)Vv)|d?^"-i(x) 

Jiivvi=n 

-|div(a(|Vv|)Vv)pdx 



1 + min{2a, 0} 7{|vv|>t} «(|Vv| 

+ /" a(|Vv|)|Vv|2 |tr^(x)|(i?^"-^(x) for a.e. t > 0. 

ionn9-nvvi>ti 
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Hence, since b{t) is an increasing function, and hence also a{t)t^ is an increasing function, 
(5.29) 

(l + min{ia,0})6(t) / |V|Vv||(i^"-^(2;) < t / |div(a(|Vv|)Vv)|(i^"-^ (x) 

J{|Vv|=t} J{|Vv|=t} 



2 l|Vv||j;^oo(Q]RiVn) / 2 , 

+ ■ r- ni irV ^ / |div(a(|Vv|)Vv)pdx 



l+min{ia,0} h{t) A|Vv|>t} 

+ a(||Vv||i<x=(QKiVn))||Vv||^^.^jgjv„^ / \tiB{x)\drr~^{x) 

for a.e. t > 0. Inequality (|5.16|) follows. 



'ann9{|Vv|>t} 

Let us next focus on ()5.17p . Inasmuch as a{t)t^ is an increasing function. 



(5.30) / a(|Vv|)|Vv|2|tre(x)|(i^"-i(x) 

<2 [ (a(|Vv|)i/2|y^| _ a{t)^/h)^\trB{x)\dn''-\x) 

J dnnd{\Vv\>t} 

+ 2a{t)t'^ [ \tiB{x)\dn''-\x) . 

J dnnd{\Vv\>t} 

Denote, for simplicity, the distribution function ^|Vv| of I by /i : [0, oo) — )• [0, for a.e. t > 0. 

Set 6 = — and observe that 6 > since r > n — 1. Thanks to our assumptions on 
the function a and to the chain rule for vector- valued Sobolev functions [MMl Theorem 2.1], 
the function max{a(|Vv|)-'^/^|Vv| — a(t)^/^t, 0} belongs to W^''^{i}). Holder's inequality and an 
application of Lemma |5 . 1 1 with v replaced with max{a(|Vv|)^/^|Vv| — a(t)^/'^t,0} tell us that 

(5.31) 

/ (a(|Vv|)i/2|Vv| -a(0^/^t)^|trfi(x)|dH"~i(x) 

J dnnd{\Vv\>t} 

1 1 
<( [ {a{\V^r\)^/^\V^r\ - a{t)^/h)^''' dn''-\x)Y ( [ \tTB{x)\'^dn''-\x) 

< C^,{t)'\\tr:B\\Lr^9n) [ V[a(|Vv|)V2|Vv|] ^ dx 

J{|Vv|>t} 

= Cfi{tY\\tTBhr^9n) [ (ia'(|Vv|)a(|Vv|)-V2|Vv|+a(|Vv|)V2)'|v|Vv||2dx 

J{|Vv|>t} ^ ^ 

< C'n{tY\\trB\\Lr(^Qn) [ adVvDlV^vpdx if t > |Vv|*(|0|/2) for a.e. t > 0, 

J{\Vv\>t} 

for some positive constants C, depending on the constant in (|5.2p and on r, and C depending on 
the same quantities and on Sa- Observe that, in the last inequality in (I5.3ip . we have employed 
the inequality |V|Vv|| < |V^v|. Set 



1 + min{za,0} \ I 



^ \AC'\\tvB\\Lr^9n)^ ' 
where C is the constant appearing in ()5.3ip . 
(5.32) a = min{/3/|J^|,l/2}, 
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and iv = Thus, a depends on the quantities specified in the statement, and 

(5.33) l + minfa,0} _ 2C7'||tri3||i.(af,)/i(t)^ > \it>U. 

InequaUty (fSTZD follows from ([OH]) . (ICTD . dOTTl and (lOSll . since < i. 

The assertion concerning the case when is convex follows via the same argument, on 
observing that the leftmost side of (j5.24p can be estimated from below just by 0, inasmuch as 
tri3 < on 50 in this case. □ 

Lemma 5.5 Let be a domain with 90 € in M", n > 2, and let a be as in Theorem 
[2l[ Assume that v G C°°(0,M^) n 0^(0, M^), and ^ = on dQ. Let B denote the second 
fundamental form on dVt, and let \B\ be its operator norm, namely 

\B{x)\= sup '^^"^^^^'^^^ forx^dn. 

Then 



(5.34) 



J + mm{z„,0})^^^^^ I \v\Vv\\dn''-\x) <t [ \dW{ai\Vv\)Vv)\dn''-\x) 

J{\Vv\=t} J{\Vv\=t} 

+ tttV^ |div(a(|Vv|)Vv)|^da; 



+ a(||Vv||ioo(^^Ig]Vn))||Vv||^^,J^JJJv„^ / \B{x)\d'H'^ ^{ 

^ ' J dnnd{\Vv\>t} 

for a.e. t > 0. Moreover, if r > n — 1, then 



(5.35) 

(l + mm{z„0})\,^, / |V|Vv||(i7^"-i(x) <t / |div(a(|Vv|)Vv)|d?^"-i(x) 

J{\Vv\=t} J{\Vv\=t} 



-m 



+ / nl? |J div(a(|Vv|)Vv)pdx + a(t)t^ / \B{x)\dn''-\x) 

J{\\7v\>t} a(l Vv|j JdQnd{\\7v\>t} 

for a.e. t > t^, where t^ = |Vv|*(a|0|), and a G (0, ^] is a constant depending on ia, Sa, n, r, 
\\\B\ 1 1 L'- (an) I 1^1 1 ^^"^ constant in inequality (j5.2p . 

Lf Q is convex, the integral involving B can be dropped on the right-hand sides of inequalities 
(j5.34p and (|5.35p . and the constant a neither depends on r, nor on \\ \B\ ||L'-(an)- 

Sketch of the proof. The proof is completely analogous to that of Lemma |5.4[ One has just 
to observe that, by ()5.22p and the condition ^ = on 90, equation (|5.23p has to be replaced 
with 

(5.36) Av^— - J2 <x,<^i = -B{Vtv",Vtv'') on 90, 

which, in particular, implies that 



(5.37) 



< |i3||Vt;"P on 90. 



The conclusion concerning convex domains holds owing to the fact that ;B < on 90 in this 
case. □ 
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6 Proof of the main results 

Let B be the Young function defined by (j2.4p . and let Bn be its Sobolev conjugate given by 
(|3.15p . Assume tliat / G L^" {Q, M^). A weak solution to the Dirichlet problem (|2.5p is a function 
u e Wo'^(0,M^) such that 

(6.1) / a{\Vu\)Vu-V(l)dx = [ i-(t)dx 
for every <j) G WQ'^{n,R^). 

Assume now, in addition that Q has a Lipschitz boundary. A weak solution to the Neumann 
problem (j2.8p is a function u G W^^^{n,R^) such that 

(6.2) / a(|Vu|)Vu- V0dx= / i-cpdx 

for every <p G T^^'^(17, M^). 

Note that the left-hand sides of ()6.ip and ()6.2p are well defined by inequalities (j3.1ip and 
(|4.6p . The right-hand sides are also well defined, owing to the Sobolev inequality (|3.17p and 
inequality (|3.1ip with B replaced with Bn- In particular, the right-hand sides of (j6.ip and (j6.2p 
are weh defined if f G L"'i(J7,M^), since L"'i(f^,M^) L^"{n,M.^), as shown in (UMTl Remark 
2.12]. 

The following existence and uniqueness result holds for weak solutions to problems (j2.5p and 
(ESI). 

Theorem 6.1 Let il. be a domain in M", n > 2, and let N > 1. Assume that a : (0,oo) — >■ 
(0,oo) is of class C^, and fulfils (j2.ip . Let f G L"''^(r2, M^). T/ien there exists a unique solution 
u G Wo'^(f7,M^) to pro6/eTO (l23]l . 

Assume, in addition, that Q has a Lipschitz boundary, and f fulfills (j2.9p . T/ien </iere exists a 
solution u G VK^'^(r2,R''^) to problem (j2.8p . which is unique up to additive constant vectors in 
M^. /n particular, there exists a unique solution in W^^ {ft,'K^). 

A proof of Theorem 16.11 in the case when = 1 can be found in |CMlj : the proof for > 1 
is completely analogous. 

The next Proposition provides us with a basic energy estimate for the weak solutions to 
problems ([23]) and (ITS]) . 

Proposition 6.2 Let Vt be a domain in M", n > 2, and let N > 1. Assume that a is as in 
Theorem\U^ Let f G L"'i(J],M^"). 

(i) Let u G M^Q'^(il,R^) 6e t/ie weafc solution to problem (j2.5p . T/ien 

(6-3) / -B(|Vu|)dx < C||f||in,l(Q^IRiV)6"^(||f||in,l(n^IRiV)), 

where C = C'\Vt\, and C is a constant depending on n, N and ia- 

(a) Assume, in addition, thatQ has a Lipschitz boundary, andt fulfills (j2.9p . Letu G W^'^{^,M.^) 
be a weak solution to problem (|2.8p . Then inequality holds for some constant C depending on n, 
N , ia and on the constant in (|5.ip 
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Proof, (i) Making use of u as test function (j) in the definition of weak solution (j6.ip tells us 
that 



/ a{\Vu\)\Vu\^ dx = I i-udx. 
Jn Jn 



By the first inequality in (|4.9|) . Holder's inequality in Lorentz spaces (|3.8|) . and (|3.6|) . there exist 
constants C and C", depending on n, such that 

(6-4) j^B{\Vu\) dx < C\\f\\in,i^Q^j^N)\\u\\j^r,',o^(^Q^^N) < C'||f||L",i(n,RJV)l|u||£^„'(Q^iRjv). 
By the Poincare inequality in VFq '""^(il, M^), there exists a constant C = C{n,N) such that 

(6.5) W^Wl"' {n,R^) - ^ j |Vu| (ix. 
On the other hand, Jensen's inequality entails that 

(6.6) ^ilki [ |Vu|dx ) < [ B{\Vu\)dx. 

Km Jn ) Jn 

Combining inequalities (j6.4p - (j6.6p . and making use of the second inequality in (13.10p yields 

(6.7) ^ / i3(|Vu|)dx<S(2C||f||^„,i(^,i,^)). 

I I 

Since is an increasing function, equation (j3.9p ensures that B(€) < tb~^(t) for t > 0. Thus, 
(fO) follows from ([621), via dilH]) . 

(ii) The proof follows along the same lines as above. One has just to make use of the fact that 
inequality (I6.5P holds, for every u S VF|'^(0,M^), with a constant C depending on n, and 
on the constant in (|5.ip jMaS) Theorem 5.2.3], and that any solution u to (j2.8p differs from the 
solution in W^^ {QjM.'^) by a constant vector in M^. □ 

We are now in a position to prove Theorem 12.11 

Proof of Theoren i2.ll We split the proof in steps. 
Step 1. We assume in addition, for the time being, that 

(6.8) dn G C°°, 
and there exist positive constants c and C such that 

(6.9) c < a{t) <C for i > . 

Since f G L"'^(fi, M^), in particular f G ^^(17, M^), owing to 1^1}. A result by Elcrat and Meyers 
implies that the weak solution u to problem (|2.5p belongs to VF^'^(O) \BF\ Theorem 8.2]. Notice 
that the hypotheses of that result are fulfilled under our additional assumptions (I6.8p -( f6r9]l . 



owing to equation (jiTl|) . Thus, u G Wo'^(fi,M^) n W'^'^{n,R^). By standard approximation, 
there exists a sequence {u^} C C°°(fl,M^) n C'^{Ti,R'^) such that = on dQ, 

(6.10) Ufc^u in Wo'^(Jl,M^), Ufc ^ u in ^^,2^^^^ j^TV^,^ Vu^ ^ Vu a.e.mQ, 

as A; — )• oo. Furthermore, |Vufc| G W^''^{Q) and |V|Vufc|| < |V^Ufc| a.e. in O, by the chain rule 
for vector- valued Sobolev functions |MM1 Theorem 2.1]. Thus, owing to the compactness of the 
trace embedding Tr : W^'^{n) L^{dn), we may also assume that 

(6.11) Tr iVufcl Tr |Vu| ^""^ a.e. on dn, 
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as A; — 7- oo. We claim that 

(6.12) -div(a(|Vuk|)Vuk) ^ f in L'^{n,R^), 

as A; —7- oo. Let us verify this claim. First, since Vu G VF^'^(r2, M^"), an application of the chain 
rule for vector- valued Sobolev functions again tells us that, for each a = 1, . . . N , 



.13) div(a(|Vu|)Vn") 



«^(|Vu|) 
iVul 



N n 



<,'«f,'«f,x.X{Vu5^o} + a(|Vu|)Au" a.e. in Q, 



=1 ij=l 



and that the same equation holds with u replaced with u^. Here, and in what follows, we adhere 
the convention that • oo = 0, so that = in {Vu = 0}. Now, for each k £ N and 

a = l,...N, 



(6.14) 



|div(a(|Vufc|)Vn^) + r(x)|'dx 



a'(lVukl)^^ s B 



|div(a(|Vufc|)Vn^) -div(a(|Vu|)Vu")| 



|Vuk 

a'(|Vu|) 



EE 



/3=li,i=l 
N n 



..^^X{Vu,^o} + a(|Vufe|)A«^ 



IVul 



EE 

/3=li,i=l 



dx 



< / |a(|Vuk|)(Au^-Au")| da; + / |(a(|Vuk|) - a(|Vu|))An"p dx 



+ 



+ 



a'dVukI 



TV n 



IVukI 



EE <x,^L,x{vu,^o}( 

/3=li,j=l 



dx 



N 

E 

/3=1 



a'(lVukl) a /3 a'(|Vu|) "A „ « \ « 



«J=1 



dx 



Since the functions a(t) and a'{t)t are bounded, the first and the third addend on the rightmost 
side of (j6.14p converge to as — )• oo, inasmuch as u^^^ — )• Ux^Xi in L'^{0,) as A; — )■ oo, 
for /3 = 1, . . . iV and i,j = 1, . . . n. The boundedness of the functions a{t) and a'{t)t, and the 
convergence of Vu^ to Vu a.e. in implies that the second and the fourth addend also converge 
to by the dominated convergence theorem for integrals. Hence, (I6.12p follows. 

Step 2. Let {u^} be the sequence considered in Step 1. For each k £N, the function u^ satisfies 
the same assumptions as the function v in Lemma 15. 4[ Hence, inequality ()5.17p holds with v 
replaced with u^. This tells us that 



(6.15) 

Cb{t) 



[ |V|Vufc||d?^"-i(x) < t [ 

J{\Vuk\=t} J{\ 



{|Vufc|=t} 



|div(a(|Vufc|)Vufe)|dH"-i(x 



+ 



{|Vufc|>t} «(|Vufc|) 



|div(a(|Vufc|)Vufc)|^ 



+ a{t)t^ 



90n9{|Vufc|>t} 



|trS(x)|d?^'"-^(x) for a.e. t > t^^ 
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where C = (^+""""{''"0}) ^ j^j^^j jg defined analogously to t^, with v replaced with u^. We 
claim that inequality (j6.15p continues to hold with replaced with u, namely that 

(6.16) 

Cb{t) f \V\Vu\\dn"-\x) <t [ \f{x)\dn''-\x)+ [ ^.1^ ,. |f(x)pdx 

^{|Vu|=i} J{\\7u\=t} J{\Vu\>t} a(| vu|) 

+ a{t)t^ [ \tiB{x)\dn''~^{x) for a.e. t > t^. 

To verify this claim, observe that t^.^ — t- tu as /c — )• oo, fix any t > and h > 0, and, for 
sufficiently large k, integrate inequality (I6.15P over the interval {t,t + h), and make use of the 
coarea formula (15 .70 to obtain 

(6.17) 

c[ b{\Vuk\)\V\Vuk\\^dx< [ |Vufc||V|Vufc|||div(a(|Vufc|)Vufc)|(ix 

J {t<\Vuk\<t+h} J {t<\Vuk\<t+h} 

+ / / |div(a(|Vufc|)Vufc)pdx(iT 

Jt 7{|Vufc|>r} a(|VUfc|) 



rt+h I- 

+ / a(r)r2 / \tTB{x)\dn''-\x) dr . 



We have that 
(6.18) 



n N n 



I 6(|Vu,|)|V|Vu,|pdx= j X,,<,v.,,<.,.>(x)K|Vu,|)j;(^^^uf /dx 

„ n N n ^ ^ 2 

= X,<^^^.,<...yi-MV-^^^^ dx 

■^^^ i=l /3=1 j=l I '^1 /3=1 j=l I '^1 

„ n N n 2 

= / Xo<|Vu,|<.+.}(^)K|Vu,|)^(^ j;^^^(nf^^^^^-«f^.,j) 
•'^^ 1=1 /3=lj=l ' ' 

„ n N n yP N n y^P 

+ 2 / x,.<,v.,<...> (-)Kivu,i) E ( E E ^(-L,.. - <.J) ( E E ^<^0 

i=l /3=li=l ' /3=lj=l ' 

. n N n 

(x)6(|Vufc|)J](j]J] 

•^^ 1=1 8=1 7 = 1 



/3=li=l I 

Note that the first equality holds by the chain rule for vector- valued functions. Since b is an 
increasing function, 

Xo<|vu,i<t+M (^)^(lVufcl) < b{t + h) for xen, 

for every /c G N. Moreover, luf I /iVufel < 1 for every A; G N, /3 = 1, . . . , A^, j = 1, . . . , n. Thus, 

the first integral on the rightmost side of (I6.18P converges to as /c — t- oo, since , , — >• 

in L^(r2), for /3 = 1,...A^ and i,j = l,...n. The same observation, combined with Holder's 
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inequality, ensures that also the second integral converges to as — t- go. Since Vu^ — t- Vu a.e. 
in Q, the last integral in ()6.18p tends to 



(6-19) / , , /(ivui)E(EE^%-,..; 

J{t<\Vu\<t+h} ^ ^ I vu 



by to the dominated convergence theorem for integrals, and the expression ()6.19p agrees with 
/{i<|Vu|<t+h} ^(l^'^l) l^l^^lP Thus, we have shown that 

(6.20) / 6(|Vufc|)|V|Vufc|pda; ^ / b{\Vvi\)\V\Vuf dx 

J{t<|Vufc|<i+/i} J {t<\W\i\<t+h} 

as A; — 7- oo. A similar argument implies, via (j6.12p . that 
(6.21) 

/ iVufel |V|Vufc|| |div(a(|Vufc|)Vufc)| / |Vu| | V|Vu| | |f (x)| 

J {t<\W\ik\<t+h} J {t<\\7\i\<t+h} 

as /c — >• OO. Moreover, equation (j6.12p and the boundedness of ^ entail that the sequence 

/ ..}. |div(a(|Vufe|)Vufc)pdx 

y{|Vufc|>r} a(|VUfc|) 

is uniformly bounded for r > 0, and that, for every r > 0, 

(6.22) / }^ |div(a(|Vufc|)Vufc)pdx^ / ^^|f(^)|2d3; 

i{|Vufc|>r} a(|Vufc|) A|Vu|>r} a(|Vu|) 

as A; — oo. Consequently, 
(6.23) 



/ / — — ^|div(a(|Vu,|)Vu,,)|2dx(ir^ / / ^^|f (x)pdx 

Jt J{|Vufc|>T} «(|VUfc|) Jt y{|Vu|>r} «(|Vu|) 



as /c — 7- oo. Let us finally focus on the last integral on the right-hand side of (j6.15p . For a.e. 

r > 0, 

(6.24) 90 n 9{|Vufe| > t} = {Tr |Vufc| > r} up to subsets of 90 of 'H'^~^ measure zero 
for /c G N, and 

(6.25) 90 n (9*^{|Vu| > t} = {Tr |Vu| > r} up to subsets of 90 of "H"-^ measure zero. 

Equations (j6.24p follow, for instance, from a close inspection of the proof of |Ma51 Lemma 
6.5.1/2]. By m7n\ . for a.e. r > 0, 

(6.26) X{Tr|Vufe|>r}(3;)|tre(x)| X{Tr | Vu|>r} |tr^(a;) | a.e. on 90. 
Hence, by the dominated convergence theorem for integrals, 

(6.27) / X{Tr\Vu,\>r}{x)\t^B{x)\d'H^-\x)^ [ X{Tr\Vu\>r}ix)\trB{x)\dn^~\x), 
Jan Jan 
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and the first integral in (|6.27p is uniformly bounded for r > 0. Thus 

ft+h 

airy 

I an 



28) / a(T)r2 / X{Tr \Vu,\>r}{x) \trB{x)\dn''-\x) dr 
Jt Jan 

rt+h r 

^ a{ry X{Tr\Vu\>r}{x)\ticB{x)\dn^-\x)dT 
Jt Jdn 



as A; — )• oo, whence, by (|6.24|) and (|6.25p . 
(6.29) 

rt+h I- rt+h r- 

/ a(T)r2 / \ixB{x)\dW-\x)dT ^ a^r^ / \tTB{x)\dn'^-\x) 

as ^ oo. Combining (fOTD . (fOOD . (fOTT) . (fOSD and dOOjl tells that 
(6.30) 



cf 6(|Vu|)|V|Vu||2dx< / |Vu||V|Vu|||f(2;)|dx 

J{t<|Vu|<t+fc} J {t<\^\i\<t+h} 

r-t+h r 

+ / / -jj=^\nx)\^dxdT 

Jt A|Vu|>r} «(|Vu|) 

+ r'^\(r)r2 / \trBix)\dn''~\x) dr. 



Dividing through by h in (|6.30p . making use of the coarea formula again, and passing to the 

limit as /i — )• 0"'' yields (j6.16p . 

Step 3. Here, we show that, given r > n — 1, 

(6-31) ||Vu||ioo(j^) < C6""^(||f||L".i(n,R'V)) 

for some constant C depending on ia, Sa, n, N, r, ||tri3||2,r(9Q), and on the constant in (j5.2p . 
More precisely, hereafter dependence on id and |r^| will mean just through a lower bound, and 
dependence on Sa, \\^^B\\ir(^QQ^, and on the constant in (j5.2p is just through an upper bound. 
By the Hardy-Littlewood inequality (|3.3p . 
(6.32) 

/ \tiBix)\dn''-\x) < {trB)*{r)dr for a.e. t > 0, 

Jdnnd'^'{\Vu\>t} Jo 

where (tri3)* denotes the decreasing rearrangement of tri3 with respect to the measure T-L"'~^ on 
di}. Since |Vu| is a suitably represented Sobolev function, for a.e. i > 0, 

n (?*''^{|Vu| > t} = {|Vu| = t}, up to sets of H"^"^ measure zero 

(see e.g. jBZj .) Thus, 

(6.33) n'''Hdn n 5^^{|Vu| > t}) < Cn'''\{\Vu\ = t}) for a.e. t > | Vu|*(|17|/2), 

where C is the constant in (|5.2p . Denote the distribution function /X|vu| of l^^l; defined as in 
([33]), simply by /i. By 

(6.34) ^(t)^/"' < Cn'^-\{\Vu\ = t}) for a.e. t > \Vu\*{\n\/2), 
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where C is a constant depending on n and on the constant in ()5.2p . From (j6.33p and (j6.34p . we 
obtain that 

r-H"-^ (dnnd^' {\Vu\>t}) ^C-H"-i{{|Vu|=t}) 
(6.35) / {tTB)*{r)dr < / (tre)*(r)dr 

Jo Jo 

= C^"-i({|Vu| = t}) {tvBncn''~\{\Vu\ = t})) 

< cn'"H{\vu\ = t}) {tTB)**{c'fi{ty/''') 

for a.e. t > |Vu|*(|r2|/2). Observe that the last inequahty holds since (tr;B)** is a non-increasing 
function. Coupling ()6.16p with ()6.35p tells us that 



(6.36) 

/ |V|Vu|| d-H^-Hx) < t [ \{ix)\d'H--Hx) + / ^^|f(^)|2d^ 

J{\Vu\=t} J{\Vu\=t} J{\Vu\>t} ai|Vu|j 

+ a{t)t'^n''~\{\Vu\ = t}) (trfi)**(C7V(i)^/"') for a.e. t > iu, 



Cbit) 



for some constants C = C{Q,mm{ia,0}) and C = C'{Q). 

Now, we distinguish into the cases when a is non-decreasing or non-increasing. 

First, assume that a is non-decreasing. Then we infer from (j6.36p that 

(6.37) 

Cb{t) [ \V\Vu\\dn''-\x) <t [ \{{x)\dn''-\x) 

J{\Vu\=t} J{|Vu|=t} 

+ ^[ \i{x)\'dx 

J{\Vu\>t} 

+ a{t)t'^n''~\{\Vu\ = t})(tre)**(C7V(t)^/"') for a.e. t > t^. 
By Holder's inequality, KWh and SKM . 
(6.38) 

/ nx)\dn^-\x) <( [ \!l^dn^-\x)) ( [ MVnWdn^-^x)) 

J{\vu\=t} \J{\vu\=t} |v|Vu|| y vj{|vu|=t} / 



dt 



[ \{{x)\'dx) MVuW'dx] 



'{|Vu|>t} / V ./{|Vu|>t} 

for a.e. t > 0. An analogous chain as in ()6.38p . with |f(2;)| replaced with 1 yields 

(6.39) ^"-i({|Vu| =t}) < (-/i'(t))i/2(^- ^ / |V|Vu||2dxV fora.e. t>0. 

V J{\Vu\>t} J 

By the Hardy-Littlewwod inequality (j3.3p . 

(6.40) / \iix)\^dx< / \f\*{rfdr for t > 0. 

i{|Vu|>i} Jo 
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Inequalities ()6.37p - ()6.40p . and inequality ()5.1ip applied with v = |Vu| entail that 
(6.41) Cb{t)(-^[ |V|Vu||2(ix^ 



'{|Vu|M} 

1/2 / J /• \ 1/2 



V J{\Vu\>t} / V J{\Vu\>t} / 

a{t) Jo V J{\s/u\>t} J 

+ a{t)t\-,,'{t)Y/\irBr[C'^i{tfl-')(-^ I iVlVull^dxV^' 

V dt J{|Vu|>t} J 



for a.e. t > t^, for some constants C = C(i7, minjia, 0}) and C = C"(0). By (|5.1ip with 
V = |Vu|, we have that — ^ /||vu|>i} l^l^'^ll^^^ ^ ^ ^°i' ^'^^ ^ ^ Hence, we may divide 
through by — ^ /{|Vu|>t} |V|Vu|p(ix in (j6.4ip . and exploit (I5.11|) with v = |Vu| again to obtain 



(6.42) 



Cb{t) < t(-^'(t))V2^(t)-i/n' f^f \i{x)\'dx) ^'^ 



a{t) Jo 
+ a(t)t2(-;,'(t));,(t)-i/n'(tre)**(C7V(t)^/"') for a.e. t > t^, 

for some constants C = C{il.,mm{ia,0}) and C = C"(il). Since |Vu| is a Sobolev function, the 
function |Vu|* is (locally absolutely) continuous jCEG|, Lemma 6.6], and |Vu|*(^(t)) = t for 
t > 0. Define the function cpf : (0, — )■ [0,oo) as 

— / \i{x)\^dx] for a.e. s G (0,|f]|). 

ds y{|Vu|>|Vu|*(s)} / 

As a consequence, 

(6.44) f - 4 / nx)\^dx\ = {-^i'{t)fl^U^^{t)) for a.e. t > 0, 

V dt J{\s7u\>t} J 

and, by |CMll Proposition 3.4], 



(6.45) / cj)*f{r)'^dr < / \i\*{rfdr for s G (0, |rj|). 

Jo Jo 

We thus deduce from inequality (I6.42p that 

(6.46) Camt) < b{t){-^,'{t))^^{tr'/^'MKt)) 

rK-t) 

+ (-M'(0)/i(t)-'/"' / \^\*{rfdr + b{t)\-^^\t))^^{tr'/-\iTBr[C'^^{tf'''') 



for a.e. t > t^- Let tu < to < T < ||Vu||^oo(q Rjvn), and let H be the function defined by (14. ip . 
On estimating b{t) by b{T) for t G ito,T) on the right-hand side of (j6.46p . and integrating the 
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resulting inequality over (to , T) yields 
(6.47) 

CHiT) < CH{to)+b{T) r {-ix\t))iji{t)-^/^' ^Mt))dt 



J to 

T ffj.{t) f-T 

{-fi'{t))fi{t)-^/^' / \{\*{rfdrdt + biT)^ (V(i))Ai(i)"'/"'(trS)**('^V(i)'/"V« 
to Jo Jto 



< CH{to) + b{T) / s-i/" Ms) ds 
+ / / \{\*{r)^drds + b{Tf / {trBy*{C's) " 

Ju(T) Jo Ju{TY/"' 



S 

s 



lfi{T) Jo Jti(T) 

Hence, owing to (|4.1ip . 

(6.48) b{Tf < Cb{tof + Cb{T) / </.f (s) ds 

Jo 

/■M{to) , , /-s fii{toy/"' ^ J 

+ C / / \i\*{rfdrds + Cb{Tf itiB)**{C's)s^ — 

Jo Jo Jo s 

for some constants C = C{i^,ia, Sa) and C' = C'{Q). Note that the last integral is actually 
finite, since trB E L''{dn), and L''{dn) L'^~'^''^{dn) for r > n - 1, by 1^. Define the 
function G : [0, oo) — )■ [0, oo) as 

r''"' 1 dr 

(6.49) G{s) = C {iiB)**{C'r)r—^— for s > 0, 

Jo ^ 

where C and C" are as in (lOSD . Set So = min{a|f^|,G"i(2^)}, where a is given by ()5.32p . with 
V replaced with u, and choose 

to = |Vur(so). 

One has that to > tu, inasmuch as so < Moreover, since /i(to) < G~^{i^), 

C / {tiBy*{C'r)r^— < i. 

Jo r 

From (j6.48p we thus infer that 

f'\Q\ rS 

(6.50) b{Tf < Cb{tof + Cb{T) s'^'"' (t)f{s)ds + C s'^/"' / \i\*{rfdrds 

Jo Jo Jo 

for some constant C = C{VL,ia.:Sa)- By (|6.45p and |CMlt Lemma 3.5], there exists a constant 
C = C{n) such that 

(6.51) / s-i/"Vf(s)ds < C||f||i„,i(n,MiV). 







Moreover, by |CMlt Lemma 3.6], there exists a constant C = C{n) such that 
(6.52) s-2/"' |fr(r)2drds < C||f 



31 



Owing to (|6.50p - ()6.52p . there exists a constant C = C{il,ia, Sa) such that 

(6.53) biTf < Cb{tof + C6(r)||f ||i„,i(f,,MiV) + C||f 
Thus, 

(6.54) 6(r) <C6(to) + C||fb„.i(aMiV) 

for some constant C = C{Q,ia, Sa)- Next, let 13, ip : [0,oo) — )• [0,oo) be the functions defined by 
/3(t) = b{t)t for t > and ip{s) = sb~^{s) for s > 0. Proposition 16.21 and inequahty (|4.9|) ensure 
that 



(6.55) CV'(||f||Ln,i(n,RiV)) > [ /3{\Vu\)dx > [ f3{\Vn\)dx > (3{to) hm 

Jn -'{|Vu|>to} t^tg 

for some constant C = C{Q,ia, Sa), whence, by (|4.7p . 

(6.56) /3(io) <V'(C||f||L".i(n,RiV)), 

for some constant C = (7(0, t^Zq^, So) . Since ^(/3 ^('0('5))) — s for s ^ 0, inec[uality (j6.56p imphes 
that 

(6.57) 6(to) < C'||f||L",i(n,i8'V)- 
Hence, by ([EMI), 

(6.58) 6(r) < C||f||i„.i(n,R^) 

for some constant C = C{Q,r,ia, Sa)- Taking the hmit as T — )• || Vu|| ^00(^7 igivn-) in ()6.58p . and 
making use of (j4.8p . yields inequality (|6.3ip . An inspection of the proof shows that the constant 
in ()6.3ip actually depends on the specified quantities. 

Assume next that a is non-increasing. From ()6.36p we deduce that 



(6.59) 

Cb{t) 



[ |V|Vu||d?^"-i(x) <t / |f(x)|d?^"-i(x) + — — i -/ |f(x)p(ix 

^{|Vu|=t} J{\vu\=t} a(l|Vu||^cx>(j^)) J{|vu|>i} 

+ a{t)t^ ^^'^-^({1 Vu| = t}) (tiB)** (CV(t)^/"') for a.e. t > t^. 

Observe that, although ||Vu||j;^cx)(q igjvn-) is not yet known to be finite at this stage, the quantity 
, 11 ^ I — r is finite, since assumption (16. 9p is still in force. On starting from (I6.59p . instead 

of ()6.37p . and arguing as in the proof of (j6.46p . one can now show that 
(6.60) 

Ca(||Vu||ioo(n,R^n))6(t) < ta(||Vu||i.o(t^,K^n))(-^'(t))M(i)~^/"Vf (/u(i)) 

+ (V(i))^W/" / 



+ a(i)t'a(||Vu||^.(n,M-"))(-/.'(0)/i(t)-^/"'(trfi)**(CV(t)'/"') 

for a.e. t > tu, for some constants C = C(r2, minjia, 0}) and C = C'{Q). Let us fix to a-nd T as 
above. For every t G {tQ,T), the expression ia(|| Vu||2,oo(q j^jvu-)) on the right-hand side of ()6.60p 
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can be estimated from above by Ta(||Vu||^oo(f^ ]gjvn)). Also, owing to ()4.9p . the quantity a{t)t^ 
can be bounded by CB[T) for some constant C = C{sa)- Integrating the resulting inequality 
over {tQ,T) tells us that 

(6.61) 

5(r)a(||Vu||i^(f^^iRiVn)) < CS(io)a(||Vu||i^(f^^iRiVn))+CTa(||Vu||i^(f^^K^n)) / s ^/"(^f(s)ds 

Jo 

+ C / \i\*{rfdrds + Ca{\\Vu\\Loo(^^^^Nr.^)B{T) / {i^BY*{C' s)s— — 

Jo Jo 'Jo •s 

for some constants C = C{il.,ia, Sa) and C = C'{^}). Exploiting inequality ()6.6ip instead of 
(j6.48p , and arguing as in the proof of (|6.53p lead to 

(6.62) 5(r)a(||Vu||i^(f,_Kiv„)) 

< CS(to)o(||Vu||£,oo(f^ JgiVn)) + CTa(||Vu||it>o(f^_IgiVn))||f ||in,l(f7,KiV) + C' 1 1 f 1 1 L",! (^.R^V ) 

for some constant C = C{^l,ia, Sa)- Dividing through by T, and recalling (|4.9p entail that 

(6.63) fe(T)a(||Vu||i^(Q^iRiVn)) 

^ C rp 0^(l|Vu|lL°°(t7,R'V")) + C'a(||Vu||^oo(f^_]gJVn))||f ||in,l(t7,MiV) + ^ 1 1 f 1 1 L™, 1 (f^ _]giV ) 

for some constant C = C{Q,ia, Sa)- The limit as T goes to || Vu||j;^oo(q jjjvn) of the right-hand 
side of (j6.63p is obviously finite, and hence the limit of the left-hand side is finite as well. Thus, 
l|Vu||£,oo(Q^]gjvn) < oo, since liniT^oo &(2^) = oo. Taking T = ||Vu||^oo(Q^KJVn-) in (j6.63p . and 
multiplying through by ||Vu||^cx)(f2 jgivn) yields 

(6.64) 6(||Vu||icx,(n,RiVn))2 

< C5(to)a(||Vu||ioc(Q^IRiVn)) + C6(||Vu||ioc(Q^IRiVn))||f||^n,l(Q^IRiV) + C 1 1 f 1 1 l (f^^ 

Observe that, by (jM]) and ([6371) . 

(6.65) 5(to)a(||Vu||ioo(t^^igiVn)) < Ctob{to)a{\\Vu\\L^^^^^Nn)) 

< C6(to)ft(||Vu||ioo(t^^KiVn)) < C"6(||Vu||^oo(Q^IRjVn))||f||in,l(Q^] 

for some constants C = C{sa) and C = C'{Q, r, ia, Sa)- Coupling (I6.64p with (I6.65P tells us that 

6(||Vu||^cx)(Q^KJVn))^ < C'fe(||Vu||^oo(t^^IRiVn))||f||£,n,l(Q,KiV) + C' 1 1 f 1 1 ^n, 1 (f^^JRiV ) 

for some constant C = C{il.,r,ia, Sa)- Hence, 
(6-66) ^(l|Vu||^oo(n^KJVn)) < C||f||in,i(n,R^f) 

for some constant C = C{i},r,ia, Sa), and (j6.3ip follows also in this case, with a constant C 
depending on the specified quantities. 

Step 4. The present step exploits some variants of the arguments of Steps 1-3 in order to show 
that inequality ()6.3ip holds with a constant C which only depends on Zq,, 5q,, 77., I^^l, the constcint 
in ()5.2p , and on trB just through (an upper bound for) the norm ||trS||2^n-i,i(^f^), instead of 
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a stronger norm ||tri3||j^r(gf^) with r > n — 1. The piece of information that was missing until 
this stage, and makes this further step possible, is that the solution u is now already known to 
satisfy 



(6.67) l|Vu||^oo(QJ;]Vn) < OO, 



and hence we can exploit inequality (I536D in the place of (f5T7l) . By ^M), u G W(;'°°(17,M^) n 
W^'^{n,R^). Hence, there exists a sequence {u^} C C°°{n,R^) n C^{n,R^) fulfilling (l6T0D - 
()6.12p . such that = on dil., and, in addition, 

(6.68) l|Vufc||^oo(Q^]Rjvn) ||Vu||^oo(Q^]Rjvn) as -)> OO . 

Inequality (j5.16p holds with v replaced with u^,. An analogous argument as in Step 2 shows that 
the same inequality continues to hold for u, that is 

(6.69) 

iVu 

Cb{t) ' 



[ \V\Vu\\dn''^Hx) <t [ \i{x)\d'H''~\x) + ""^°°("''«^") / \i{x)\^dx 

J{\\7u\=t} J{\Vu\=t} 0[t) y{|Vu|>t} 

+ «(l|Vu||ioom_]8]Vn))||Vu||^^,j^ jjAr„^ / \ivB{x)\d'}r~''{x) 



I dnr]d{\Vu\>t} 

for a.e. t > 0, where . We now start from (|6.69p . make use of arguments similar to 

- and even simpler than - those which lead to either (16.46P or (I6.60p from (I6.16|) (in particular, 
now we do not need to distinguish into the cases when a is non-decreasing or non-increasing), 
and show that 

(6.70) 

Ch{tf < fe(||Vu||ioo(t^_ffi^„)) ||Vu||ioo(o,MiVn)(-M'(t))Ai(t)-^/">f (^(i)) 
+ ||Vu||i^(f,,K^„)(-^'(i))^(t)"'/"' / Wirfdr 



+ 6(||Vu||i^(f,,KiVn))lVu||i^(^,i,^„)(-/i'(t))/i(t)-i/"'(trB)**(CV(t)^/"') 

for a.e. t G [| Vu|*(|0|/2), || Vu||ioc(Q^iRiv„)], 

for some positive constants C = C(ri, min{ia, 0}) and C = C'{Q). Moreover, the dependence 
on Q is only through the constant in (j5.2p . 

Let F be the function defined by (jM])- Given h G [\\/u\*{\n\/2), \\Vu\\ 

L°° (f2,R^")] ) integration 

in (|670]1 yields, via (|iJO]l . 



(6.71) F(|Vur(s))<CF(ti) + C6(||Vu||i»(f2,MiVn))||Vu||^.o(o,Miv„) T ' r"^/^'Mr)dr 

Jo 

+ C||Vu||^.o(n,M^„) r ' r \i\*{pfdpdr 

Jo Jo 



'0 Jo 

.(tl)!/"' 



+ CF(||Vu||ioo(f,,MiVn)) / (tiBnC'ry—- for sG [0,Mii)), 

Jo ^ 

for some constants C = C{Q, ia, Sa) and C = C'{Q). Let G be the function defined as in (j6.49p . 
save that now C and C are the constants appearing in (j6.7ip . Set si = min{^, ^"^(2^)}, and 
choose 

h = |Vu|*(si). 
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Since ^(ii) < G~^{^), 



2C> 

C / (tr^)**(CV)r— — < i. 

JO ^ 

From this choice of ti, and the choice s = in (|6.7ip we infer that 
(6.72) 

F(||Vu||ioo(f^^K^^n)) < C'F(ti) + C6(||Vu||i„om^KiVn))||Vu||^„om^KiVn) / r '"^ 4)f{r)dr 

Jo 

/ |fr(/9)2dpdr 

JO 



+ C'l|Vu|lL°°(f7,R^") r" 

for some constant C = C{Q,ia, Sa)- From (j6.72p . via (j6.5ip . (|6.52p and (j4.10p . we deduce that 
there exists a constant C = C{Q,ia, Sa) such that 



3.73) &(||Vu||^oo(n^KiVn))^ < Cb{tl)'^ + C6(||Vu||^oo(Q^IRjVn))||f ||in.l(Q^IRjV) + C||f 



An inspection of the proof shows that, in fact, the dependence of C on Q is only through \Q\ and 
on the constant in (j5.2p . Starting from (j6.73p instead of (j6.53p . and arguing as in Step 3, yield 
(|6.3ip with a constant C depending on Sa, n, N, \\ticB\\in-i,i(^gQ^ and on the constant in 
(I52D. 



Step 5. Here we remove the additional assumption (j6.8p . 

Since the space C~(C/) n W^L'^-'^^'^{U) is dense in W^L''-'^''^{U) for every open set U C M"-\ 
there exists a sequence {r^mlmGN of domains ^ ^ such that dQm £ C°°, \Qrn \ r2| — )• 0, 
Qm — ^ ^ with respect to the Hausdorff distance, and ||tr;Bm||L"-i>i(ar2m) — ^ some constant 
C = C(il), where tr^Sm denotes the trace of the second fundamental form on di^m- The sequence 
{^^m}mGN Can be chosen in such a way that the constant in (15.2p . and hence the constants 
in ()5.5p and (jS.lip . with Q replaced with are bounded, up to a multiplicative constant 
independent of m, by the corresponding constants for Q. This fact depends, in particular, on 
the embedding W'^L"'~^'^{U) W^''^{U) for U C M'""^, which entails the convergence of 
the Lipschitz constants of the functions whose graphs locally agree with dQrn to the Lipschitz 
constant of the function whose graph coincides with dfl . Let f be continued by in \ 
and let be the solution to ()2.5p with Q replaced with ilm. Owing to the estimates for in 
Wi^^{Qrn) jBFl Theorem 8.1], for every open set Q' such that $1' C $1, there exists a constant C 
such that 

(6-74) ||um||,4/2,2(f^/) < C 

for m E N. Furthermore, by estimate (j6.3ip (in the form established in Step 4) with Q replaced 
with ilrn and u replaced with , there exists a a constant C such that 

(6.75) l|VUm||Loo(t7,KiVn) < C 

for m G N. Note that the constant C in ()6.74p and ()6.75p is independent of m. Let s G [1, ;^). 
If 90' is smooth, then the embedding W'^''^{n' ,R'^) W^'%n',R'^) is compact. Thus, by ^677^ 
and (j6.75p . there exists a function u E W^'°°{^,M.^), and a subsequence of {u„i}, still denoted 
by {um}, such that 

u^^u inM^i^^;^(0,M^) 
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and 

(6.76) Vu„, Vu a.e. in n. 

Since = on dVlm, and Q.m ^ in the Hausdorff distance, one can deduce from (j6.75p that 
u = on Thus, in particular, u G W^'^ {VL^M.^). The function u is the weak solution to the 
Dirichlet problem (|2.5p . Indeed, inasmuch as C 0^ for each m G N, 



(6.77) / a(|Vum|)Vum • V(/i(ix = / i-cfxlx 

for every (j) G CQ°(il,M^). Passing to the limit as m — t- oo in ()6.77p yields 

(6.78) / a(|Vu|)Vu- V(/)(ix= / f-0dx 

Jo. Jn 

for every (p G Cq°{Q,,M.'^), owing to ()6.76p and ()6.75p . via the dominated convergence theorem 
for integrals. Since B G A2, the space C^(0,M^) is dense in WQ'^{n,R^). Thus, IK7E\i holds 
for every (f) G VFq'^(0,]R^) as well. Note that, by (|6.76p . the solution u satisfies 

(6-79) l|Vu||^oo(n^KiVn) < C6~-^(||f ||2,n,i(n,RJV)), 

since such an estimate is fulfilled, with u replaced with u^, by ()6.3ip . Here, the constant C 
depends on 'Sa, iT-j I^Ij II triSII ^qq^ and on the constant in (j5.2p . 
Step 6 We conclude by removing assumption (j6.9p . 

Let {a£}eg(o,i) be the family of functions defined in Lemma 14.51 and let and be as in its 
statement. Let u be the weak solution in Wq'^ to problem (j2.5p . and let denote the 
solution in Wq'^^ to the problem 



(6.80) 



-div(ae(|Vue|)Vue) = f(x) in Q , 
Ug = on . 



We claim that 

(6.81) Vug — ^ Vu in measure 
as e — 7- 0+, and hence there exists a sequence — t- such that 

(6.82) Vus^ Vu a.e. in U 

as A; — )• 00. By the previous steps, there exists a constant C = C{ia, Sa,i^) (in particular, 
independent of e, owing to (j4.30p ). such that 

(6-83) K{C\\'^'^e\\L°°{n,M.'^")) < l|f|lL".i{n,IRJV). 

Thus, by the definition of bs and by (j4.32p . it is easily seen that 

(6.84) l|Vu£|lL°°{n,MJVn-) < C 
for some constant C independent of e, whence 

(6.85) / B{\Vus\)dx < C 

Jn 



36 



for some constant C independent of e. 

We preliminarily observe that, although the function u need not belong to Wq'^^ in 
the case when a is non-increasing, it can still be used as a test function in the weak for- 
mulation of problem (16:801) . Indeed, by (ITOI) . a^dVu^DVue G L°°(J7,M^). Therefore, since 
u S W(|''^(r2, M'^), and the latter space is embedded into Wq'^ the function u can be 
approximated by a sequence {u^} G Cq^{^) of functions such that — t- u in L" (r2,M^), and 
hence in L"''°°(0, M^), and Vufc ^ Vu in L^{Q.,M.^). This allows one to employ as a test 
function in the weak formulation of problem (|6.80p . and then pass to the limit as A; — )• oo. 
The test function = u — can thus be used both in the weak formulation of problem (12. Sp . 
and in that of problem ()6.80p . Subtracting the resulting equations yields 

(6.86) / [ae{\Vvie\)y^e - a{\V Vi,\)V Vie] ■ (Vu - Vu^) dx 

= / [a(|Vu|)Vu-a(|Vu^|)Vue] • (Vu- Vue)(fx. 

Fix any a G (0, 1). By the definition of Young conjugate, 
(6.87) 

/ [ae(|Vus|)Vue-a(|Vue|)Vue]-(Vu-Vu^)(ix < / ja^d Vu^DVu, - adVu^DVu^l |Vu - Vu^l 
Jn Jn 

< / 5(i|a,(|Vu,|)Vu,-a(|Vue|)Vue|)dx+ / B{a\Vu - Vu^l) dx. 
Jn Jn 

Since i? is a Young function of class A2 and a G (0, 1), there exists a constant C = C{B) such 
that B{a{t + s)) < Ca{B{t) + B{s)) for t,s > 0. Hence, owing to (j6.85p . there exist positive 
constants C and C", independent of e, such that 

(6.88) [ B{a\Vu-Vus\)dx <Ca( [ B{\Vue\)dx+ [ B{\Vu\)dx] <C'a. 
Jn \Jn Jn J 

Next, fix any 6 > 0. Let C be the constant appearing in (j6.84p . and let t > C. We have that 

(6.89) / B{a\as{\Vue\)Vus-a{\Vu,\)Vn,\)dx 
Jn 

= I B{a\ae{\Vue\)Vue-a{\Vus\)Vue\)dx 

J{\Vu^\<t} 

+ / B{a\ae{\Vue\)Vue - a{\Vue\)Vue\) dx. 

J{\Vu^\>t} 

By the choice of t, the last integral vanishes for every e G (0, 1). On the other hand, by (j4.3ip . 

(6.90) / B{a\aei\Vue\)Vus-a{\Vue\)Vue\)dx <6, 

J{\\7u^\<t} 

if e is sufficently small. Thanks to the arbirtrariness of a and 5, we infer from ()6.87p - ()6.90p that 
lim / [ae(|VuJ)Vue - a(|VuJ)VuJ • (Vu - Vu^) dx = 0, 
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and hence, by (|6.86p . 

(6.91) lim / [a(|Vu|)Vu-a(|Vue|)Vu<,]-(Vu-Vu£)(ix = 0. 

We now follow an argument from jBBGGPV] . Fix any 5 > 0. Given t, r > 0, we have that 

(6.92) |{|Vu- Vu^l > t}| 

< |{|Vue| > r}| + |{|Vu| > r}| + |{|Vu - Vu^l > t, |Vue| < r, |Vu| < t}|. 

If T is sufficiently large, then 

(6.93) |{|Vu| > t}| < 6, 
and, by IKM\i . 

(6.94) KlVu^l > t}| = for eG (0,1). 
Next, define 

r) = inf{[a(|^|)^ - a(|r?|)r?] . - r?) : |e - r?| > t, |^| < r, \v\ < r}, 
and observe that T9{t,T) > 0, by Lemma 14.41 Thus, since 

/ [a(|Vu|)Vu - a(|Vue|)Vu^] • (Vu - Vu^) dx 
Jn 

> i?(t,r)|{|Vu - Vuel > t, \Vue\ < r, |Vu| < t}|, 

by (I6M]) 

|{|Vu - Vu^l > t, |Vue| < r, |Vu| <t}\ <6 
if e is sufficiently small. Consequently, by ()6.92p . ()6.94p . and (I6.93p . 

|{|Vu- Vu^l > t}\ < 26 

if e is sufficiently small. This proves (j6.8ip . Inequality (|2.6p follows from (|6.82p and (|6.83p . 



Proof of Theorem 12. 2i The proof is the same as that of Theorem 12. 11 save that the simplified 
versions of inequalities (|5.16p and (j5.17p without the term depending on tri3, described in the 
last part of Lemma 15.41 have to be exploited in Steps 2 and 4, respectively. Also, a sequence of 
(smooth) convex approximating domains f^m has to be employed in Step 5. □ 

Proof of Theorem 12. 4[ The outline of the proof is analogous to that of Theorem 12.11 for the 
Dirichlet problem. Hereafter, we point out some minor required variants. 

Step 1. Under assumptions (j6.8p - (j6.9p . the solution u to the Neumann problem (j2.8p belongs to 
W'^'^in, M^). A proof of this fact parallels that of [BFl Theorem 8.2] in the case of homogeneous 
Dirichlet boundary conditions. One can make use of this piece of information to conclude that 
a(|Vu|)Vu G VF^'^(i7, M^), and hence derive from an integration by parts in (j6.2p that the 
boundary condition ^ = in fulfilled in the sense of traces. 
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As a consequence, a sequence {u^} C C°°(r2,M^) n C^(r2,M^) can be constructed such that 
(6.95) Ufc^u mW'^'^{n,R^), Vufc ^ Vu a.e. in f), and ^ = on 50. 

Such construction can be accomphshed as follows. First, one can (locally) reduce the problem 
in some neighborhood of each point xq S to the case when dil, is flat via a change of 
variables. In order to preserve the boundary condition = 0, the new system of (curvilinear) 
orthogonal coordinates (yi, . . . , y„) can be chosen in such a way that the level surfaces {un = c^}, 
with Cn G K, agree with the level surfaces of the distance function to dil, and the curves 
{yi = ci,--- ,yn-i = c„_i}, with ci G M, . . . , c,„_i, are orthogonal to these level surfaces. 
Second, the function u can be extended to a function u beyond the flattened boundary of 
by reflection, so that u is symmetric with respect to the boundary. The function u is now 
defined in a complete neighborhood U of xq- The fact that ^ = on the flattened boundary 
ensures that such an extension is twice weakly differentiable, and hence belongs to W'^''^{U). 
Standard mollification of u by a symmetric kernel provides an approximation of u in W'^''^{U) 
by a sequence of smooth functions which satisfy 

Ufc^u in VF2.2([/,M^), Vufc^Vu a.e. in [/, 

and are symmetric about the boundary of The latter property ensures that ^ = on the 
boundary of The function is then just defined as the restriction of to 0. 
Via the same argument as in the case of the Dirichlet problem, on can prove that the sequence 
Ufc just obtained also fulfills (|6.1ip and (j6.12p . 

Step 2. Here one shows that inequality (IS.SSh is fulfilled when v equals the solution u to (12. 8p . 
This follows on applying (j5.35p of Lemma 15.51 with v = (defined in Step 1), and passing to 
the limit as A; — t- oo via the same argument as in the Dirichlet case. 

Step 3. This step is exactly the same as in the Dirichlet case, save that \B\ replaces tiB every- 
where. 

Step 4. Here one applies inequality ()5.34p with v = u^, and obtains the same inequality for u 
on passing to the limit as /c — )• oo as in the case of the Dirichlet problem. 

Step 5. We construct the sequence of domains as in the case of Dirichlet problems, and 
obtain a corresponding sequence {um} of solutions to the Neumann problems in H.^ satisfying 
(j6.74p . (]6.75p . and (I6.77P for every function G Lip(M",M^). Thanks to (f6775]) . passing to the 
limit as m — 7- oo yields (leTTHI) for every G Lip(M",M^). Since has a Lipschitz boundary, 
the space of the restrictions to of the functions from Lip(M", M^) is dense in W^'^ {i),,M.^). 
Hence, ([6778]) also holds for every (j) G W'^'^{n,R^). 

Step 6. This step is the same as in the case of the Dirichlet problem. □ 

Proof of Theorem 12. 5i The proof consists in a slight modification of that of Theorem 12.41 
Specifically, the versions of inequalities (j5.34p and ()5.35p where the term depending on \B\ is 
dropped, described in the last part of Lemma 15. 5( play a role in Steps 2 and 4, respectively. 
Moreover, the approximating domains il.m in Step 5 have to be chosen convex. □ 
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